N

N
N

HAL

open science

Statistical Field Theory and Networks of Spiking Neurons

Pierre Gosselin, Aileen Lotz, Marc Wambst

» To cite this version:

Pierre Gosselin, Aileen Lotz, Marc Wambst. Statistical Field Theory and Networks of Spiking Neurons. 2020.

<hal-02953819v1)

HAL Id: hal-02953819
https://hal.science/hal-02953819v1

Preprint submitted on 30 Sep 2020 (v1), last revised 20 May 2022 (v2)

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Auto':izition
HAL Authorization


https://hal.science/hal-02953819v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Statistical Field Theory and Networks of Spiking Neurons

Pierre Gosselin* Afileen Lotz Marc Wambst?

September 2020

Abstract
This paper models the dynamics of a large set of interacting neurons within the framework of statistical
field theory. We use a method initially developed in the context of statistical field theory [44] and later
adapted to complex systems in interaction [45][46]. Our model keeps track of individual interacting
neurons dynamics but also preserves some of the features and goals of neural field dynamics, such as
indexing a large number of neurons by a space variable. Thus, this paper bridges the scale of individual
interacting neurons and the macro-scale modelling of neural field theory.

1 Introduction

Neural fields describes numerous patterns of brain activity, such as cognitive or pathologic processes. This
approach models large populations of neurons as homogeneous structures in which individual neurons are
indexed by some spatial coordinates. Neural fields dynamics is usually studied in the continuum limit follow-
ing Wilson, Cowan and Amari ([1][2][3][4][5][6][7][8][9]). Neural activity is represented through a population-
averaged firing rate, a macroscopic variable generally assumed to be deterministic and the degrees of freedom
of some underlying processes are aggregated to generate an effective theory with simpler variables.

Neural fields theory, because it is a mean field approach that focuses on large scale effects, has a large
range of applications, and has been extended along various lines. This approach allows for travelling wave
solutions, possibly periodic (see [20][21] and references therein). Stochastic effects in firing rates or other
relevant variables have been introduced [10][11]{12][13][14] to model perturbations and diffusion patterns in
the pulse waves dynamics. The stochastic approach has also been used to study different regimes of mean field
theory and noisy transition between these regime (see [15]). Neural network topology has been studied, along
with spatial configurations’ effects (see [17], developments in [18], and references therein). Last but not least,
the tools of Field theory have also been used to extend the Mean field approach [19][22][23][24][25][26][27].
Indeed, mean field appears as the steepest descent approximation of a Statistical Field Theory. The statistical
fields involved in this formalism are directly related to the activity, i.e. the spike counts, at each point of
the network. The field’s action encompasses fluctuations around the mean field. In such a setting, the
perturbation expansion of the effective action allows to go further than the mean field approximation, as
it keeps track of covariances between neural activity at different points. However, as for mean field theory
it remains at the collective level: it works with densities of activity and the field theory is built to recover
the average mean field master equation plus some covariances in activity, rather than being designed on the
basis of microscopic features of the network. An alternate approach, also based on field theory, computes
a partition function for the whole system of neurons in which the field represents the neurons’ activity (see
[28][29] and references therein). The computation of the correlation functions yields results that go beyond
the mean field approximation. Yet, these models use simplifying assumptions at the microscopic level, such
as neglecting spatial indices and delays in interactions.

Another branch of the literature considers neural processes as an assembly of individual interacting
neurons. This alternate approach allows for a more precise account of the interrelation between neurons’
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connectivity and firing rates. Such models describe a lower scale than neural fields. Usually, no spatial
indices are assumed. Neurons are not positioned in a spatial structure, and the resolution of the model relies
on numerical studies. These models usually allow for a precise account of neurons’ cyclical dynamics and
changes in oscillation regimes (for an account, see [33] and references therein). They have recently been used
to study the emergence of local connectivity and account for higher scale phenomena: binding problem or
polychronization ([34][35][36][37][38][39][40][41][42][43]). However, unlike mean fields, this type of models
does not allow for an analytical treatment of collective effect.

This paper presents a method that bridges the gap between the assembly of interacting neurons and
the macro-scale modelling of neural field theory. It is based on a method initially developed in [44] and
later adapted to complex systems in interaction [45]. We develop a model of statistical field theory keeping
track of individual interacting neurons dynamics while preserving some features and goals of neural field
dynamics. For instance, indexes a large number of neurons by a space variable, and looks for continuous
dynamic equations for the whole system. The present Field Theory differs from those used in the context of
Mean Field Theory and its extensions. Actually, our fields do not directly describe any neural activity. As in
Statistical Field Theory (see [44]), they are rather abstract complex valued functionals bearing microscopic
information to a larger collective scale.

The field theory presented here is the result of a two-step process. In a first step, we write the dynamic
equations of a large set of interacting neurons, but modify the standard formalism ( [43]) to account for the
dynamic nature of neurons connectivity (see [47]). This description allows to deduce the firing frequencies’
dynamic equations of a large set of neurons.

In a second step, this set of dynamic equations is transformed into a second-quantized Euclidean field
theory (see [45]). The description in terms of field is more compact and includes both collective and indi-
vidual aspects of the system. The action functional for the field along with its associated partition function
encompass the dynamics of the whole system. We use standard techniques of field theory to derive the
effective action of the system. Its successive derivatives with respect to the field yield the vacuum of the
theory and the correlation functions of the system. The vacuum is the background field in which the system
evolves. It impacts individual neurons dynamics and depends on some internal parameters as well as external
currents. The correlation functions compute the joint probabilities of transition for an arbitrary number of
neurons and depend directly on the form of the vacuum. Considering the two points correlation functions, we
can recover the dynamics for firing rate frequencies of individual neurons, i.e. the neural activity modelled
in neural field theory. We thus obtain dynamic equations for these frequencies depending on internal and
external parameters. In the linear and local approximation, we find some wave equation. This equation
may present dissipative, stable or explosive patterns. Depending on the connectivity between neurons, the
wave equation may display some non-linear aspects, such as position dependent coefficients. Inspecting the
correlation functions for an arbitrary number of points yields an alternative and complementary description
of the system. We find a joint probability density for the frequencies at different point. These probabilities
depend on time, and this linear dependency reflects the undulatory behaviour of frequencies, and on the
background field. Its presence ensures coordination to some extent between frequencies.

Our formalism presents several advantages. First, it highlights the influence of some internal variables
on the dynamics of firing rates. Second, studying the effective action may provide a direct approach to the
phenomenon of phase transition, i.e. the impact of collective patterns on individual ones. Third, our model
can be generalized to include several extensions. We show for instance how to include dynamic equations for
the connectivity functions. These equations are "classical" differential equations but should also be described
by a field formalism. We also show that two types of neurons, inhibitory and excitatory, may be included
and their interactions described by the inclusion of two interacting fields in the model.

This paper is organised as follows: section 1 describes the individual dynamics of neurons in interaction.
Section 2 describes the field theoretic formulation of the model and section 3 describes the effective action
of the system. In section 4, we derive the minimum of the effective action. We compute the two points
correlation functions in section 5. In section 6 we find a local equation for frequencies and presents some
possible variations. Section 7 discusses the implication of the results. In section 8 we derive a general form
for the correlation functions in presence of strong or weak background field and present their interpretation
in term of joined probabilities for frequencies at different points. Section 9 discusses possible extensions.



2 Individual dynamics and probability density of the system

Following [45][46], we describe a system of a large number of neurons (N >> 1). We define their individual
equations. Then, we write a probability density for the configurations of the whole system over time.

2.1 Individual dynamics

We follow the description of [43] for coupled quadratic integrate-and-fire (QIF) neurons, but use the additional
hypothesis that each neuron is characterized by its position in some spatial range.
Each neuron’s potential X; (¢) satisfies the differential equation:

X (t) =y X2 (t) + J; () (1)

for X, (t) < X,, where X, denotes the potential level of a spike. When X = X, the potential is reset to its
resting value X; (t) = X, < X,,. For the sake of simplicity, following ([43]) we have chosen the squared form
vX?2(t) in (1). However any form f (X; (t)) could be used. The current of signals reaching cell i at time ¢ is
written J; (¢).

Our purpose is to find the system dynamics in terms of the spikes’ frequencies. First, we consider the time
for the n-th spike of cell 7, 955). This is written as a function of n, 2 (n). Then, a continuous approximation
n — t allows to write the spike time variable as 6*) (t). We thus have replaced:
ggi) Q) (n) — 10 (t)

1

The continuous approximation could be removed, but is convenient and simplifies the notations and compu-
tations. We assume now that the timespans between two spikes are relatively small. The time between two
spikes for cell ¢ is obtained by writing (1) as:

dXi (t)
dt

= X7 (t)+ Ji (t)

and by inverting this relation to write:
dX;

"= yX2 4+ JO (9@) (n— 1))

Integrating the potential between two spikes thus yields:

X
i i ’ dX
9()(n)—9()(n—1)':/ —
X, 4 X2 4 JO (91 (n—1))

Replacing J ) (H(i) (n— 1)) by its average value during the small time period 8 (n) — 8% (n — 1), we can

consider J®) (Q(i) (n— 1)) as constant in first approximation, so that:
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XX, << 1, this is:

arctan (( - %) \/ 70 (09 (n - 1)))
\/ IO (69 (n - 1))

The frequency w; (t), or firing rate at ¢, is defined by the inverse time span (2) between two spikes:

For v normalized to 1 along and

09 () =09 (n 1) =G (00 (n - 1)) =

-
G (9@ (n— 1))

Wi (t) =

\/ JG) (9@) (n— 1))
arctan ((;a L) W“’ (69 (n - 1>)>

The time interval between two spikes being considered small, we can write:

0 (n) — 09 (n— 1) = 200 (1) — w7 (6) = <4 1) Q

F (0”) (n— 1)) -

We added a white noise perturbation ¢; (¢) for each period to account for any internal uncertainty in the
timespan 8% (n) — ) (n — 1) which is independent from the instantaneous inverse frequency w;* (). We
assume these ¢; (t) to have variance o2, so that equation (3) writes:

%e@ ()~ (69 (1).79 (09 1)) =< (1) )

The w; (t) are computed by considering the overall current. Using the discrete notation, it is given by:

JO ((n—1)) = 7O ((n — 1>>+Zwa{n(T>1)5 (9“’ (n—1)— 09 (m) — 2= 2 - Zﬂ") Ty (n—1,2), (m, Z;)
(5)

Jm
The quantity J® ((n — 1)) denotes an external current. The term inside the sum is the average current sent
to i by neuron j during the short time span 8 (n) — 8 (n — 1). The function Tii (n—1,2;),(m, Z;)) is
the transfer function between cells j and ¢. It measures the level of connectivity between ¢ and j. We assume
that:
Tij ((n - ]-a Zz) ) (mv ZJ)) = T((TL - 1; Zz) ’ (mv ZJ))

The transfer function of Z; on Z; only depends on positions and times. It models the transfer function
as an average transfer between local zones of the thread. This transfer function is typically considered as
gaussian or decreasing exponentially with the distance between neurons, so that the closer the cells, the more
connected they are.

The other terms arising in (5) can be justified in the following way: given the distance |Z; — Z;| between
|Zi—Z;]
c

the two cells and the signals’ velocity ¢, the signals arrive with a delay . The spike emitted by cell j

at time ) (1) has thus to satisfy:

n |Zi — Zj|

Q]
- < 0 (n)

o) (n—1) < o) (m)

to reach cell 7 during the timespan {0(“ (n—1) N (n)|. This relation must be represented by a step

function in the current formula. However given our approximations, this can be replaced by:

5 (9“) (n—1)— 09 (m) - |Z—Za|>

C



as was done in (5). However, this Dirac function has to be weighted by the number of spikes emitted during
the rise of the potential. This number is the ratio w‘:’gé’f)l)
neuron j toward neuron i between the spikes n — 1 and n of neuron i. Again, this is valid for relatively small
timespans between two spikes. For larger timespans, the frequencies should be replaced by their average
over this period of time.

The sum over m and ¢ is the overall contribution from any possible spikes of the thread to the current,
provided these spikes arrive at i during the considered interval ) (n) — 8 (n — 1). Note that the current
(5) is partly an endogenous variable. It depends on signals external to i, but depends also on ¢ through
w; (n —1). This is a consequence of the intrication between the system’s element.

Formula (5) shows that the dynamic equation (3) has to be coupled with the frequency equation:

that counts the number of spikes emitted by

J@ ((n—1))
arctan (()g - X%J) JG0 ((n— 1))>

and J ((n — 1)) is defined by (5). A white noise v; () accounts for the possible deviations from this relation,
due to some internal or external causes for each cell. We assume that the variances of v; (t) are constant,
and equal to 1?2, such that n? << o2.

w; (t) = +v; (1) (6)

2.2 Probability density for the system

Due to the stochastic nature of equations (4) and (6), the dynamics of a single neuron can be described by
the probability density for a path (G(i) (t),w;t (t)) (see [45] and [46]):

P (9“) (1), wt (t)) = exp (A;) (7)

where: )

a0 RS ORI CRIONMACRION)
—0\ (t) —w; " (t dt dt 8
<dt () %U) +f = (8)
The integral is taken between some initial and final times. This time period depends on the time scale of
the interactions. Actually, the minimization of (8) imposes both (3) and (6), so that the probability density
is centered around these two conditions, as expected. In other words, (3) and (6) are satisfied in mean. A
probability density for the whole system is obtained by summing S; over all agents. We thus define:

P((09@®).w7'®) ) =ewp(-4) (9)

sl

o2

with:

A= ZAi = Z %/ <5ta<“ (t) —wit (t))2 dt +/ (w;l m-¢ (e(i) 0.7 (0@ (t))» dt (10

3 Field theoretic description of the system

3.1 translation of Equation (10) in field theory

In [45][46], we show that the probabilistic description of the system (9) is equivalent to a statistical field
formalism. In such a formalism, the system is collectively described by a field belonging to the Hilbert
space of complex functions. The arguments of these functions are the same as those describing an individual
neuron.

In our context, the field depends on the three variables (6, Z,w) and writes ¥ (8, Z,w). The field dynamics
is described by an action functional for the field and its associated partition function. This partition function,



that reflects both collective and individual aspects of the system, allows to recover correlation functions for
an arbitrary number of neurons.

The field theoretic version of (8) is obtained using (10): a correspondence detailed in [45][46]) yields an
action S (¥) for a field ¥ (0, Z,w) and a statistical weight exp (— (S (¥))) for each configuration ¥ (6, Z,w)
of this field. The functional S (V) is decomposed in two parts corresponding to the two contributions in (10).

The first term of (10) is replaced by the corresponding quadratic functional in field theoretic :

2
—%qﬁ 6, 7,w0)V (UQV—oﬂ) U (0, Z,w) (11)

where o2 is the variance of the errors ¢;.
The field functional corresponding to the second term of (8) is obtained by considering the statistical
weight for each dynamical variable ¢ and taking into account the current induced by all j:

= QZZ (n—1) (12)

2
- ()T, ((n = 1,2) ,m, ) - 17— 7,
_ 0 (n —1 A i wj (m) Ty ’ 5@ ) _ J
¢ J( (n=1), >+N;;l wi (n—1) (n—1) (m) c
with n << 1. It is the constraint (6) imposed stochastically. Its continuous time equivalent is:
1 1 o / wj ( ((t, Z) $:23) < o) (11 aG) (o 1Zi = Zjl
QW/ﬁZ:wi@ a(7(09w.2)+ % d§: = 5 (60 (1) — 09 () — 2=
(13)
The corresponding potential in field theory is obtained straightforwardly:
2
|Z—21|
1 o w1 T(2,0,72,,0 — =+ 7_7 2
2772/\\11(9,2,@\2 wl-@ J(@,Z)+/N ( - ) ‘qf (9lcl|,Zl,w1) dZydwy
(14)

We will write: 7 7

T (Z,G, Z1,0 — |_1|> =T(Z,0,7)

c
The field action is then the sum of (11), (14):
Lo ‘72 -1

S = —§\IIT 0,Z,w)V 7V—w U (0, Z,w) (15)

2

2
T (Z,O, Zl) ledw1>>

i 2 -1 K w1
+2n2/|xp(9,z,w)| (w G(J(G,Z)+/Nw

3.2 Projection on dependent frequency states:

7 — 7
)\ (9— |01|,Z1,w1>

We can simplify (15) using that n?> << 1. Actually, in that case, most field configurations ¥ (6, Z,w) have
negligible statistical weight. We can restrict the fields to those of the form:

U (9,2)6 (wl Wl (J,e, Z, |\If|2>> (16)



where w1 (J,0, Z, ¥) satisfies:

wnT (2.60,7,,0—12=%1
_ b 9 c | — ‘
H(re.z09f) = 6 J(H’ZH/% : (w(J,e,lz,\Ifg) >‘\I’<0_Zc21’zl’°”>

wiT (2,0,2,,0 - 12=2l 7_ 7
- G J(9,2)+/ﬁ ( - )‘xp<o|1,zl)
N w (62 vp) ¢

X & <w11 —w ! (J,e - M, 71, \112>> ledwl)
C

The last equation simplifies to yield:

) w (20— 2L 20, ) T (2,0, 21,0 - 2221 Z - 7]
1 (J,G,Z,|\IJ\2) ye, J(9,2)+/% — (J,@,Z,|\I/|2) ’qf (9—617Zl>

2
ledLU1

2

2
dzZy

(17)
The configurations ¥ (0, Z,w) that minimize the potential (14) can thus be considered: the field ¥ (6, Z, w)
is projected on the subspace (16) of functions of two variables. Therefore, we replace:

wlt—wt (J,@, Z, |\IJ|2)

n (14) and the "classical" effective action becomes:

2

_%qﬂ“ 0, 2) (vg‘;vg — ! (J,H, Z, |\1/2)) U (6,7) (18)

Eventually, a more precise form can be given to the transfer function T'(Z, 8, Z;). We use a simplified version
of [47]. Appendix 6 shows that at the individual level and in first approximation, the transfer functions are

modelled by a product of a spatial factor T' (Z, Z1) and a function W of the frequencies w = w (J, 0,7, |\If|2>
and wi = w (J, 0 — M, AR \\Il|2) The function W is increasing in w and decreasing in w;. Without loss

of generality, we will consider W as an increasing function of ( ) so that:

T(2,0,2,) =T (Z,2:)W (“) (19)

w1

3.3 Inclusion of collective stabilization potential

We ultimately modify (18) by including collective terms to stabilize the number of active connexions. Such
terms correspond to some overall regulatory processes and do not appear at the individual level. In absence
of "competition" between inhibitory and excitatory mechanisms, such a potential models the possibility for
a system to come back to some minimal equilibrium activity.
To do so, we modify the effective action by including a potential for maintaining and activating new

connections. We add to (18) the contribution:

2

) o

/w”(/] (012271 7)

where Uy is a U shaped potential with Uy (0) = 0, so that Uy has a minimum for some positive value of

o5
¢, | <|W<9,Z>|2

. At this minimum, the value of Uy is negative. We write the expansion of (20) as

@(9—Z;Z/| ) >+Z< /|waz (n (9—|Z_CZ”,ZZ> 2) (21)

1

1



The second term in (21) represents a global limitation to increase the overall number of connections and
currents, so that we assume that:

n k—1 2
|Z — Z;
;<k<1:[1 \y(e—c Z) >>0

for n > 2.The bracket () denotes the expectation value of the product of fields.

The coefficients ¢,, can be set to 0 for n > N, where N is an arbitrary threshold. The factor —(; accounts
for a minimal number of connections maintained. It depends on external activity J. The contribution for
n = 2 and the one proportional to —(; can be gathered to rewrite the collective potential:

w(o- 222 2) ) (22)

c
where ((") = ¢, for n > 2 and C(2) = (9 — ¢;. We assume that C(Q) < 0, so that a nontrivial minimal
collective state exists. The "classical" action is thus:

n—1

> [1we.2)p (H

i=1

Lyt 0,2) (Ve oy — ot (4,0, 2.1w7) ) w (o z)+§:<<n>/|@(9 7P nl:f wlo_12-21 )\
2 b 0 2 0 w b ) b b n:2 b) 7/:1 c b) 1

(23)
We can impose a constraint on the coefficients ¢ (") since we are interested in the relative magnitudes of the
coefficients 03 and quantities such as w™!. As a consequence, we can impose, as a relative benchmark, that:

g‘gdn)/m(e, 2)P (ﬁ <’\11 (9— Z_CZ|Z) 2>>

_ /|\11(9,Z)|2U0 </<\111<9ZCZZ> 2>> ~1

4 Effective action

4.1 Effective action at the tree order

Appendix 1.1.2 and 1.1.3 show that the graphs perturbative expansion associated to (23) can be computed
using the propagator associated to the "free action":

1 2 _
—5\1/* 0, 2) (ve‘;vg —w (], Z, go)) W (0,7) (24)
where w™! (j A go) is the static inversed frequency defined as the solution of the equation:
o . J,Z1,G0)
YT, 2,60 =G | J(2) + £ w(J,21,60) 0,2)T (2,0, 7,)dZ 25
w(J,Z,G) (2) NW(J,Z,QQ)QO( )T ( 1) dZy (25)

where J (Z) is the average over time of J (#, Z) and G (0, Z) is the evaluation for § = 6’ of the Green function
Go (9, ¢, Z) of the operator:

2

where w™! (J,0,Z,0) is the inverse frequency given by (17) for ¥ = 0, i.e. w™'(J,0,2,¥) = G(J (0,Z2)).
The solution of (25) and (26) is computed in Appendix 1.1.2. We find that for an external current decom-
posed in a static and dynamic part J + J (6):

w (1,0,2,00 = G(J(Z)+J(0))
arctan ((Xir — Xip) j(Z)) 1
72

—Vy <"2w —w(J,0,2Z, 0)) (26)

=
N



and:

Go (070/a Z) =6(Z - Zl)

exp (—A1(2) (6 -6"))

/
NG H(0-¢) (27)
where:
2c
AZ) = \/>\/ 02X + )
2 1
M(2) = \/(ﬂx,‘ (Z)) T2 T 22X, (2)
and H is the heaviside function:
H(G—H) = 0for0—0 <0
1ford—6">0
so that w™! (j(Z) ,Z,Go (0, Z)) solves:
Z
“(Z,G0) =G / N w(Zy, gO) T(Z,0,2,)dZ, (28)
\f\/ 2X (Z1) + 23w (Z,Go)
Once w™!

action at the tree-order

I (¥) = —%\IIT (0,2)Vy

o [ <|w<9,2>|2

— ! 2
/s <9 |ZZ|,Z/)
c

X (2)

e’} n—1 2
>+Z<n/\v<9,Z>|2 (H =% )

n=1 i=1
In the sequel, for the sake of simplicity, the dependency in Z of X, (Z), A(Z), Ay (Z) will be implicit, so
that we will write:

=X, A(Z)=A, A, (2)

(Z,Go) is known, (24) implies that the effective action can be computed by considering the following

<U22 6w (j(Z):Zago)+a>\1/(07Z)

(29)

|Z — Zi|

v (o

EAl

4.2 Graph expansion and generating function for connected correlation func-
tions

Appendix 2 computes the partition function with a source field €2 (6’ 7). This partition function is obtained
through the sum of graphs induced by (29). The computations are performed in Appendix 2.3 and yield:

(%) (7)
1 N exXp (fAl (Hf -0, ))
z@) = 3 = /AQT (¢) :
n>0n' A
Vout . .
o) E1n zz,{zj} 5,087,680
2 BBl 0
x | 1+ R TEYT
_ Ein zi,{zv}, i,eg”,e(”
A (G 2Bt )

Where AQ (9“)) is defined as: AQ (9“)) -

(exp (él’n (Zi7 {Z; }H&L , GEZ ,9 Q)

n

D)) ||se@)

<Q (9( )) —Q (G(i))>, where Qg (6’(”> is the source term
corresponding to a null expectation value of the field

vertices are:

v (G(i))> = 0, and where the interaction



Sin (20 AZi50,0.00) = Ein (Z0420),0.087,00) = (68— 017) (30)

7 )
Z <E§l> (Zn {ij} ’91(1 ’9( )) CAl)

1=2 {ky,....k; }C{1,....n} k;#i

[
M:

with:
El,n (ZZ, {Z }]751705 )79( )) — zn: Z Egl) (ZZ7 {Zk]} ’051 70( )) (31)
1=2 {ky,...k; }C{1,....n—1} k; i
n @)
(0 —g®) = <
( d L ) =2 {k1,...,kl}C{%;.,n—l},kﬁéi Al
and:
Egl) (Zive(i)v{zj}j;ﬁi) = Z Egl) (Zhe(i)’ {ij})

{k1,es ki yCH{L,...,n—1} ki #i

Hfgu) 0( )
D L S -, Al o [ W (0, 2;) Vyorw (1,09, 25, |01*) w (69, 2,) az;

(v -5) o1 (09—t oo 00,2
i=1 |W(6,2)]%2=3G0 (0,

We also define:

S0 (Z0AZ5},0,0000) = lim E1, (2425 0,00,01) (32)
= ) (1) p(3) o . = ) (1) p(3)
2100 (Zl,{Z bz s 00,08 ) = lim & (Zl,{Z bz 00,08 )

Appendix 2.4 computes the generating functional for connected correlation functions: W (Q2) = In %. This

functional is found by defining the following operators:

Vo‘u.t _
o) Ein (70,425),,,,0.617)

—Cn
O <6’(i)’95‘i)’ (99’95}))#) ) A( +< Alzl.n(zi,{;j(})j,;é,(ezi),e;v) (exp (210 (2423, 00007.07) ) 1)
-, + — 05})*952) L )

out

- o) E100 (Zj,egﬂ,a(ff))

Orn <05i),9§ci)’ (60.0) -#) _ T Ali (z?j;(‘jfi;)) (exb (B1 (200123 ,0.07.0) ) = 1)
O (6087,60) = 1
G (0§i)’0;i)> _ exp (—A1 (i;i) _ 921'))) . (ng) B 0@(1‘)) (33)

10



and the products:

) - f[lom (eﬁ”,e 9“ 9“ m)
) 9“)

) (g o) T @ 0
(1+01,)™ ((67,60) ) = E(HOML(G 6 ( m))

n

(1+01)™ ((67.67) ) = TI (1 01 (95i)’9(fi)’ (egi)’eg"i))j;ei))

i=1
For later purpose we also define the average (1 + O1 o) by:

1
n'

exp ({14 010)) = 3 =

n=0

<(1+01 o) >n (34)

To compute W (Q) we also need the expectations of an operator A acting on the tensor products of fields in
a product of background sources A2 (9?):

(4), = / LﬁlAQT (053')) (9“’,0]’,2)

<A>o =1

- (i
A ZHIAQ(Qi )],n>0

. ®n
For A acting on (AQ (052))) , the expectation (A),, k < n for A symmetric is evaluated on the k first
. Rn—k
variables and defines an operator acting on (AQ (65”)) . Using these definitions, the partition function

with source rewrites:

Z ()

1—|—/AQT (9(;)) Go (9§c 0. 7 ) AQ (952'))
+/ﬁAQT (9}2’)) (9f>792>7z)(1+01 )P AQ (e“)

D /HAQT 91) o (95«),95),Z)(1+01,n)<”m9 (Qgi))

n>2

1+ '<1+01n )

n>1

1+ (1), +< (14 05,) 2)>

n

12

<1+Oloo) ”)>

2 n

n>3

and we obtain the expression for the generating functional W (£2):
1 )@
W(Q) =In |1+ (1), + 2<(1+012 > +Z < +01,00)" >n

4.3 Effective action

Now that W () is known, we can derive the formal expression for the effective action. It is computed using
the relation between the background field and the source field:

11



52 (07) ) Tr 4 20500 45y & (1 0™
N W) 1+ {04002P) + Tt (14000 ™)
v (07) = W - /0@ aar (o) 1+ (1), + 3 {0+ 012)P) + %004 ((1+01:)™)

where Gy (Hgi), G(i)) is the free propagator defined above in (33).

go( 1)79(2')) AQ (9(i)> @

n

Go ( 9 ggn) a0

To compute the effective action, we consider (168) evaluated at ¥y (G(i)), so that Q\I,O(W)) (H(i)) =0

1+<(1+01,2)<2>>1+Zn>3ﬁ<(1+om) >n 1 |
1+<1>1+%<(1+01,g)<2> Yt < 10 > (%(am):o (9())) ~ (e“)

nly, 9(1)
(QT v (p)=0 (9(%‘))) Yo 1

Appendix 2.5 shows that the effective action then writes:

1+<(1+O1,2)( > LD '<(1+01°°)(n >n 1
0, + 5 {04 0020, 4 o {004 00))

Il
K
o—
~—~
S

-
=
—

n \1;0(9(1‘))

rw) = 1+ {1 +012)%) + T,y Gt (1 +010)™) (35)
a 1+ (1), + <(1+012)(2)> 203 n'<(1+01°° >

n

_%m (1+ (1), + ;<(1+012 ®) > +Z < 1+Ol»°°)(n)>n)

1+ <(1 n 01,2)(2)>1 + s G <(1 +0 °°>W>n !
1+(1), +1 <(1 + 01,2)(2)> T2 nss < (14010 (n)>

-1

—%\I/T (g(i)) Gyt Uy (Q(i)) +H.C.

n |y, 9(@)

4.4 Series expansion for the effective action

Appendix 4 computes the corrections to the zeroth order effective action (29) by using graphs expansion
(the final formula is given in Appendix 4.3). This yields an expanded form of (29). We show that for weak
values of the interaction parameters, the effective action takes the form:

r'(v) (36)

- _%qﬁ 0, Z) <v9 (C’fvg —w! (J (0),0,7,Gy + I\If|2)> +a> W (6,7)
(n) , 60— , g 2 "
+Z%/‘w(9<z>’z) 2 <g0 (O,Zj)+/zi_zj‘ dzj/’\p <9§Z>_chzyl7zj) dzj>
) o Fin (ZeA25) 4,080,608 ,
5 e )Gtz ) (2 CEL N

0%
x U o (a(f”,zj) D (0‘;'),953‘), Z;, ) w (09, 2;) dzj}

n—1

12



where w1 (J (0),0, Z,Gy) is solution of:

. K w (9— 'Z%Zl'azl) w(0,2)
0,2) =G J(9>+N/T<z,zl) sz W M=y Go (0, 71) dZ;
and:
Vl,n (Ziv {ZJ’J#Z}’QEZ)?GU))
1t (B0 (204250140, 00,60) = 1) exp (B0 (20425} 40, 07,61))

(uln (sz{Z }J;ﬁla 7

Vou.t - i i
o) E{ (Zw{Zj,.#i}vegl)’e(fl))

)

@ g

)

( C(n) >
A Ay 6% 6"
X — ( f. " )

El,n(Ziv{Zj}j;bi’eSll)’e.(fi))

05:)_951)
exp (HM (Z“{Z b 5)’9<>>) < =N (ZZ,{Z }#,,ep,@()) (él,n (Zia{Z }#1,95),9())) >1
+ ~
ENEE D))
e
+ A1 9() Q(i)

o f

é1,n (Zia{Zj }j#'ﬁeil) ’e(fl))

)
Zj,) o (9/ :

/\I,T (ggcj))Zj) D (953)795]-)7

_Cn +

_ /\I]T (9(3) Zj) 1+ (exp (él,n (Zj7 {Zm}m75j 795]’), 65]))) — 1>

E1,71 (Zja {Zm}m?éj aHEJ) 9

(4) (4)
Gf —0;

’)

_zn +

In these expressions, the values of = , (Zi, {Z,
(30) and (31) are approximated by:

() n—1

3, ) ~ ! I

S (21200 07) = [0 Y
K2 l:l
9()11 1

= ) (@) (Z ~ l

13

Z.i) dZ;
= m(‘ljt)
z n :1,n, (Zja {Z7n}7n7§] ’0Z(J) G(J)) 1711
Ton (4) ()
69 — 6!
v (09),2;) dz;
}]7&1,952),9( )> and é1,77. (Zu {Z }H,gz 795 )’0( )> defined in
6w (4,09, 2, 1w?) o
— I - a8 (37)
A 5‘\11 (9@ _ 22| Z)
= m=1 “I’(H»Z)F
=G0(0,7)
51wt (J, 09, Z,, \xp|2) 0 _
¢ 8s)
[ , 2 AL d
N 5‘\11 (eU— Z,Z|,Z)
m=1 |v(6,2)
:go(oxz)



where Z is the centre of the thread and depends only on Z;, 92”, 0?) and Z.

5 Nontrivial minimum

Appendix 4.4 shows that, for a wide range of parameters, the effective action has a minimum. The corre-
sponding background field decomposes into a constant part ¥y and a contribution depending on the external

C(n> >w 1(J(0),0,Z,Gy) the minimum
of T'(¥) given in (36) is reached for W (0, Z) = Wy (6, Z) + 6U (6, Z) and W' (0,2) = Wi (0, Z) + 601 (9, 2)
where [5% (0, Z)| << Wy (0, 2)| and |60t (0, Z)| << ‘\pg (G,Z)‘. The fields Uy (6, Z) and ¥} (6, Z) describe
the minimum of the potential:

9 n

de>

(n) ) 7.
a/ ‘\IJ (9(i>7zi)’2dzi +Z% <g0 (0, Z;) +/'\1/ (91@ _ |Zch]|7Zj>

This minimum exists for o << 1 and for ‘C(Z)’ large. It is reached for a value Xg of f ’\IJ (Q(i), Zl-)

current. We show that for slowly varying currents J (6, Z;), and for

2

VRl
4.4.2 finds the expression for 6V (0, Z) and 6¥T (0, Z). They satisfy the following first order equations:

to an irrelevant phase, ¥ (G(i), Zi) = \IJ(TJ 0,2) = X0 where V is the volume of the thread. Appendix

1

0 =~ 3 (— (ve (“jve —w T (0),0,2,Gy + X0)>) +u” (X0)> oW (0, Z)

1 dwt (J (01) 01,71,G0 + )(0)
_ T / » V1, )
5 /6\1} (01’21) XO <09 5|\P(0,Z)|2 \I'Q (01,Z1)d91le

_% (Vow ™ (J(0),0,2,Go + Xo)) ¥o (0, 2)

1 5L (T (0) .0, 2,Go + Xo)
—= Xo |V Vo (6,2) 0V (01, Z1)d0dZ
5[V 0( N [T 0 (6, 2)5% (61, 21) dbsd

for 0V (0, Z), and:

2
0 = %6\1}T 0,2) <V9 <02(”V9 —w(J(0),0,7,Go + Xo)> +U" (X0)>

1 Swt(J (61),601, Z1,Go + Xo)
_5/(5\IJJr (91, Z1) vV Xo (V@ F |\I/ (9,Z)|2 v, (91, Zl) db1dZ,

for 6 (61, Z;). Appendix 4.4.2 shows that solutions are:

SV (0,2) =0
and:
_ n exp —A 0 — 0141 — 7|Zl_czl+1‘ I _
v (b,2) = Z (_CA>"+1 H ( ( = = )> erf 1+ A 0, — | 0141+ M
n =1 Kl"\/l_’_j K C
- K

B . /7X0 n+1
X w (J(01),01, Z1,G0 + X0)} G (0, 0nt1, Z1) (Vow ™' (J (Bng1) , 0nt1, Z1,Go + Xo)) 5 H d6,dZz,
1=2
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with the convention that 6; = 6. The constants K, I' and A depend on the parameters of the system. The
kernel G (0, 0,+1) is computed in Appendix 4.4.2. It is given by:

2 " w1t 0
N =R A"

G (6,6

H (60— (39)

20" (Xo)
0-2

+
2 ” w1 (J 0 0
oo (- (8 - ) - 2] )
H(6-6)
2

T ( 1 ) | 20"(Xo)

o2

where the upper bar on a quantity stands for the average computed over the period § — 6.
The inverse frequency w™* (J (0),60, Z, G (0, Z) + Xp) is solution of:

R CA (40)

_1z=zl 4
-, 9, 2)
200.2) du w(eflz—zll,zl)

C

w6
= G J(9)+%/T(Zyzl) ( (Go (0, Z1) + Xo) dZ;

The field ¥ (H(j ), Zj) is the - phase dependent - background field. In the trivial phase, it is equal to 0, so

that the effective action matches with the "classical" one. In a non-trivial phase, ¥ oU ), Zj) is not equal to

zero and may be time dependent. It describes the accumulation of current, or signals, that shapes the long
term dynamics of frequencies. This explains the contribution A in the first term.
To conclude this section by expanding (40) in terms of current at the second order of approximation:

“1J,0,2)=GJ(0,2),G + X0

K *‘ZCZI‘Z)*W(OZ) , _
+N/T(Z,Zl) S07 G'[T(6,7),G0)Go (0, Z1) d%

G[J0,2),Go]
1= & [T(Z,%) (w (9 - @,Zl) - w(e,Z)) G [J(0,2),Go) Go (0, Z1) dZy
G[J(9,2),G0(0,2)]
1 - [HLZ2) (G [J (e— @,Zl) ,g‘o} — G, Z),GOD G [7(0,2),Go] Go (0, Z1) dZy

1

and:
w(J,0,2)
= S (FI@2).6)+((F176.2).6])
+4< T(Z,Zy) (F[ (9 1Z CZ” 1>,g'0]—F[J(@,Z),Gd)g‘o(o,zl)le)
xF' [ (0, )QO])%
where:

Go (0, 21) ~ Go (0, Z1) + Xo

and the constants C,K and A that depend on the system are defined in Appendix 1.3.2.3.
Incidentally, we note that a non-trivial minimum depending on the system parameters should allow for
phase transition in the system of frequencies. This question is left for further work.
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6 Two points correlation functions

The correlation functions can be found by computing the derivatives of the effective action at the classical

background field. This is done by using a graph expansion of the effective action. The two-points correlation
- san() . o o san(o)

function is defined by —— <. Appendix 3.1 shows that it satisfies a coupled equation with O
s (0%) ow (65))

Actually, defining:

AQ

[AQ] = (AQT ) (41)
(@) o) (3) (9
K (0,08) = o 92)79@ e 03-)’9?)
Kir,z 91L 792z KI,l 911 ’01

N 1H{(1401,2)®) 45,0 5 oty (14010 ™) N1 G @ )

[X (9§l)79§3)>} = ( (1+<1>1+;<(1+ol,2)<2>>2+z@3m<(1+o oy, 90 (91 O ) - < X(910,9f ) )

0

the vector [AQ] (0?)) satisfies the dynamic equation:

f

i
/K o1, 0") N(e(l))deu[ (6.6 (42)

The operator valued coefficients:
( 172 )Z (i) o) (i) o)
Koq (077,04 Koo (077,05
are defined by:

K (60,087) = (/AQT ((GS))/> <A (¢7) @ +01) (o) o+ B (o) (1+ 0 2, ())/79;@) God (63
el )

1o (600,60)) = ( / Go ( (14 01 oy + B (60) (1 + @1,2)9;”’(0?)),) GoAQ ((99)') a(08))
+a0f (o) w (95; )

Ko (00,08 = (/ (A (4%) (1 +Ol’°°)(ey>)',eg> +B(0) (1 +01,2)(0§>)I79<2,;)> GoAQ (((,go)’) . (95"))'
+a0 (07) w (6))

Ko (00.087) = ala (o,01)

16



where Gy is the operator whose kernel is defined in (33), and
+ GoAQ (9({))

A (6)
- g Ssa it (400" ) | (14 Oy
<1+<“*<%2>1>(1+0m)+§;@3m4ﬂ<a+6hm%”*§n1(1+ong
= A(o,6)
B (01")
— Gl (1 0r2)op £ GoAs (047)
( + <(1 +012) 1>> (14 012) + X oos grpy <(1 10, “)(n_1)>n_ (1+ 01,00)>
G

and where the operators Olm are defined by
(1 + 01 n) gO = (1 + Ol,n) * gO

exp (—A1 (95}) — 959))

Z1n (Zi,{Z }ngggovo(”)) A

The symbol * denotes the convolution product, so that we have

out

Ve(;) _ ()
—Ein (Zi’ei’ ’{Zj}j#) exp(

The solution of (42) is given by

L +exp(—2) (2 +3 (y* —27)) (i) ()

) _ 0,90 (43
>(om+y(+a@—xu+am»(l 76

5[AQ) (95“) o
-0 (1 + 61,00) + exp (—

ow (07) |
+exp (/:gl N ((9@)) d9<i>)> (/ ot ((egﬂ)’) X ((egﬂ)’,ay)) (eg) (Go) *y00

. ;“)d(@g)))

(1—expf(—a?)) (/\Iﬁ ((9 ))0 GoX (( “) 9
2%))) (14 O1.)

o1 (renn -z -
" {07 0im) + o0 () (01 + 5 (11 012) ~2 (14 01.)))
—exp (— < ( 9“)’) OQQOX( 9” o}i>>d(9§”)'>
X<g1 (1t exp(=2) (~2+ 3 (1 —+%)) (L+ 1) ))
O (14 01,00) +exp(—2) (- 01oo+y(1+012)—$(1+01oo))) o
><< (1+exp(=2) (-2 45 (y* — 7)) )(gm)
(14 O1,00) +exp (—2) (— Oloo+y(1+012)—m(1+0100))

17



where ({1 + 01,0 is given by (34)):

1 —
O = ) = = - L1+ 010
1 (14 01,00) +exp (—2) (01,00 + ¥ (1 + O012) =2 (1 + O1,0)) Go' (1+01)

1 —

Oz = 5 5 = . “1(1+0
2 (14 01,00) +exp (—2) (01,00 + ¥ (1 + O12) =2 (1 + O1,0)) Gy (1+01)

xr = <]. + Ol,oo>
B (2)
Y o= <(1+01,2) >2
z = (14+01,0)—(1); =(O1,00)

and with the condition:

o) < (05) <6

that is implied by the Heaviside functions in the integrals defining the interaction terms. The factor N ((6;))
is given by:

- L+ oxp () (=2 4+ } (07 - %) '
N = <<<1+om>+exp ot <1i012>—x<1+0m>>>>>

-
(e a4 0L +erp () (1+ 012y )

( \II 1—|—exp ( z—i—%(yQ—x?)))

X

which is also approximated locally:

()
51a9] (61") g L+ exp (=2) (=2 + 5 (y* — 2%)) — (6.6)
s (0) " (4 01) Tep () (01 3 (14 012) (14 O1)) V7

)G _ - (6o )
f 0 (1 + Ol,oo) + exp (7.’,8) (*Ol,oo + Yy (1 + 0172) — T (1 + 01700)) 0 01

Go!

(
B @ 1
<\Iﬁ (ef ) . ((1+01,00) +exp (=2) (~Or0 +y (1 4+ O12) =z (1+ 01,06)))2)

(1 —exp (=) (1 +exp (=) (=2 + 5 (4 = 2%))) (1 + O1) )
(14 0100) +exp(—=2) (01,00 +y (1+ O12) —2 (1 4+ 01,00))) o

—|wt (690 !
(W ) o o) wom=m <—ol,oo+y<1+ol,2>—x(1+01,oo>>>2>

g1 () (1o () (=24 § (P = %)) (1+01a) ))
0(®)

8 (14 01,00) +exp(—2) (01,00 +y (1 + O12) —2 (1 + 01.00)))

(1 +exp(—2) (=2 + 5 (v* —2*)))° i
(1+O_1,oo)+exp(—p)< O1oo+y(1y—|—012)—x(1+0100))>\Il(eg))

X
TN
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This expression can be rewritten more compactly:

5 [AQ)] (agﬂ)

"o - e

+ /9(1) QO @ exp </0i§:) N ((g(i)) de“))) /90) \IJTg—lg
_ / go gi (14 O1,00) V| exp (/:i ((9@)) dH(i)))
s

N
x/()\IJTQJ( —ople) F 1+Oloo]
6

@2
9( ) ' ‘
- ( [ w () dew))

2

a“
1 F
_ / gO @2 (1+012) o2

F
/(.) \I,Tgo—lm (1 + 0, 2)
0;

where:

F = l+exp(-z) (—z + % (y* — :c?)) (44)

= ((1+01,00) +exp(—2) (<0100 + ¥ (1 + 012) =2 (1+ O1,0)))

In the local approximation for ng‘) ~ 0?, we thus obtain:

F
- tTg-1__
/ go /ggw V9 g

(1= — F _
[ e =R o)

5[AQ) (95“)

50 (9“))

(1)
0, L F? F2

% 5

ng) F2
_ [/ 90_1@ (14 012) ¥

:g0® 0§z’ )

1+Oloo)

(._)2

) F _
/9 } wigr SO 6 )

and:

1+exp(—z) (—z+ 3 (y* — 2?)) v
(14 01,00) +exp (=) (01,00 + (Y (1 + O12) =2 (1 + O1,0))))

(1+exp (=) (2 + & (52 = 22))) (1 = exp (=) 2 (14 O1.)) o + yexp (—2) {(1+ Or2)o )

(1401 + exp (<) (<010 + (4 (14 012) ~ 2 (14 01o))))?)

N ((6:))

X< 1l—
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Appendix 3.1 shows that the two points correlation functions can be approximated locally by:

M : - gali(ggi) o))
AU

ow (6")

out
o)

(a(z) — Frexp(—z)) | —C+ ™ Bl (Zl,el {Zj}j#)

+F? (Ui, ')

(2 +exp (—z) (1) — 2 + (y? —?)))*

vout

(i) _ i
2-E12 (260023}, | +8 (@)

(B(z) = Fexp(~x))y | —C2 +
2 (¥G; )

(@ + exp (—2) (1) — 2 + (2 — 2)))"

This expression will be used below to compute the effective frequencies.

7 Equation for frequencies:

7.1 General form

The frequencies can be found using the two-points correlation functions. We have found the solution for the
background field. This solution is written ¥ (H(j ) Zj) + 6% (0, Z). The second derivative:

8T (D)
St (95”, Zi) 5 (95“, Zi)

evaluated at ¥ (G(j), Zj> +0V (0, Z) yields the inverse Green function. Appendix 5 computes the quadratic

part U (0, 2) VyN [¥] ¥ (0, Z) of (45) and identifies N [¥] with the inverse effective frequency at position
(0, Z) in time and space. It yields:

(45)

W (T(0),0.2) =~ W (T(0),0,7,G0+ ‘\If (09, 2)) D (46)
o7 (70).0,2.G0+[91) +w3" (1(0).6.2,| )

where w (J (Q(i)) 09 7, Go + \\I'|2) is the solution of:

00, 2) =F | J(0)+ = Z.7 w(e_‘Z_CZII’ZI)W w(0,2) 0 (0,20) + |w (09, 2,)[*) az
2)-r(s0+ 2 fre ’ 020y (99,22
w( ) ()+N/ (Z,71) 2 (0.2) w(gf\zlel Z1) <go( 1) + 1 1
c )
(47)
The two other terms, w;* and w; !, are corrections due to the interactions in the system.
First, function wj ' is defined by its derivatives at Gy (0, Z):

§"wit (J(0),0,2,Go)  §"w (T (0),0,Z,G0) = i
- =1 ZZ’ Z ) 9 \I[ 4
8"Go (0,2) 5"Go (0, Z) L < {Z},00,00.6%). 9| ) (48)
where
S ) P
El,l (ZZ?{Z }jiz 705 ),9(1 |\IJ|2) = Z h_.l’p+l (ZZ, {Z }j7é7,7 s )7€ ) </ \I/T <9§J)7Zj) (9(] )dZ )
p:O
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, 2
Equation (48) implies that the frequency wq (J 0).0,2, [ Go(0,2;) + ‘\II (0(3), Z)‘ ) satisfies an equation

similar to (47) whose coefficients are modified by = ; (ZZ, {Z};ui0 l )0 \\Il| )

Wi (7(0).0.2,60+ ) (49)

) . w ai\Z%le’Zl w (0,
::G<””+N/T“J”( 50.2) >W(w@§§1%ﬂ
Uy + 00 (9— |Z_CZl7Zl) 2) le>

The derivatives of G estimated at G (_O7 Zy) are computed in Appendix 5. The function G is of order ¢, the
average magnitude of the coeflicients (,,. For weak interaction, we show that:

G (T +Go (0, 2) (50)

. <W<J,9,Z);1 (J,|zi—Z|)>”

%T (Z7 Zl)

_ ! _ gl
1= ([ (p0- 522 fo (o- 271 2)
X (Hl n (Zza{Z } G0 2 )50( |\IJ|2))

Second, frequency w; * (J (0),6, Z, ¥) is given by:

OJ21( (9),9,2,\11)
= F?(T'G;'v)

y ((a (x) — Frexp (—zx)) (51,00 (Zi,t?g,i), {Zj}#l)) B(z)— Fexp(—x))y (31’2 (Zi,egf), {Zj}j#))>
(@ + exp (—2) (1) — 2 + (12 — 22)))*
—F* (VXoU" (X0) ¥ (0, 2) = Vow™ (J (9) 0. Z,G0 + Xo) Xo )

Z
) ((a () = Paexp () (S100 (20425} 1) ) = (B (@) = Foxp (~2)y (212 (2,07, {Zj}#i)))

X (go (07 Zl) +

2

T(2,2) dZ’) F'[J,w,0,Z, m])

1R

(2 +exp (—a) (1) — 2 + (32 — 2?)))*

where F' is given by (44)

7.2 Static equilibrium

We look for a static solution of (46) for a constant background W (6’(1),Z1) ~ U, (Z1) and constant cur-

rent, ie. J = J, w(0,Z) = w(Z). For a static solution, (¥G;'¥) = 0, or equivalently: §¥ (,2) =
Vow 1 (J(0),0,Z,Go + Xo) =0, and:

El,n ( {Z }m#j 7 ZJ)’9(3)> Vout ) él,n (Zj, {Zm}m;ég ’0§J)79(3))
0D g0 vl G 00— g =0

w, M (J(0),0,2) =w ' (J,2,G0(0,2) + Xo) +wi ' (J,2,G0 (0, Z) + Xo)

€

where w (J (Z),Go (0, Z;) + Xo) is solution of:

w(Z)=F (J+ < [rem j((ZZI;W (5((221))) Go (0, z»dzl) (51)
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and:

Go (0,Z;) 2~ Go (0, Z;) + Xo (52)
Moreover, in the absence of external source, i.e. for J (6, 2) = 0, the solution of (51) can be written wq (Z),
which satisfies: ) 2)
K w (2 w -
Zy=F|—= | T(Z Z w 0,7;)dZ 53
w0 = [ @20 ST (575) 0 0.20a2) o

where % [ dZ; is normalized to 1.

7.3 Linearized differential equation for frequencies

We linearize the dynamic equation for frequencies around some constant equilibrium. We will generalize the
result to a position-dependent equilibrium in the next paragraph.
A linearized equation around static equilibrium can be found by considering:

v (09,2;) = wo(2;) + 0w (69, 7))

where:

0w (69, 2;)| << 1wo ()]

For a translation independent transfer function, i.e. T(Z,Zy) = T(Z — Z1), and d >> 1 along with
neglecting border effects, equation (53) simplifies and yields a constant solution:

wo = G (TVZ“)> (54)

where:
K
T=— | T(Z Zy))dZ
N/ ( ) 1) 1

We will also assume that the transfer functions are symmetric, that is:
T(Z,2,)=T(Z1,2) (55)

To find the linearized equation for frequencies around the constant background (54), we first note that, given
(19) and (55), one has:

0 K w
0 (E (Y az
9w (60, 7) <N/ <w1) 1>w<e,z>—m

+&01‘(99’Z) (;/W (:’1) le>w(9,Z)_wo - % / (W' (1) — W' (1))dZ, = 0

To write the linearized equation (46) around wq, we first solve (47). We start by finding a linearized equation
for w (J 0),0,7Z,Gy + |\I/\2), considering the other terms in the right hand side of (46) as corrections. The

equation for w (J 0),0,72,Gy + \\I'|2) is:

w(J 9zgo+|\11\)

Z—7Z4
rz,2)% (0= 7)) w(8,2)
N w(Q,Z) w(e_ \Z—CZH’Zl)
2
(go 0,71) + |Ug + 00 (9— H,Zl) >d21>
C
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Then, we then set w (J,0,7) = wo + Q (0, Z). A first approximation for small variation 2 (6, Z) around wg
allows to rewrite (47) as a linearized expansion around the solution of (51). The function F in (47) can be

expressed as:
J (0 T(2.2) - L (w C i )) (56)

F
w(G,Z) _ 1Z-2| A

Z-Z 2
(go 0,71) + ¢0+5\1/ (9—”,21) )dZ1>
C
@’Zl) OJO_|_Q(9_@’ZI>
J(0 N/ ZZ1 w

w (b, 2) w0+Q(0—@,Zl)

F

x (go (0, 21) + Wos (0 ~zmal zl> m))

Similarly, the transfer function can be written:

T(ZaZhwywl) = T(Z721)W<w>
1

Q(J,G,Z)fQ(J,Hf@,Zl)
T(Z,Z)W |1+

1

wo

We also use the local linear approximation for U (6, Z) derived in Appendix 4.4.2:
6 (0,2) = N1Vew (J (0),0,2,Go (0, Z) + Xo) — NaViw (J (6) ,0, Z,Go (0, Z) + Xo) (57)
The expansion of (56) for a non-static current is:
Q(0,2) = (fi + M) Vo (6, 2) + 5526, 2) + (fo - No) V326, 2) +J (69, 2,) To  (58)
where we defined:

: W -w W@ -wmr

i = —————T1, fs= ;
C C
- K ‘Z—ZﬂT(Z,Zl)le—
N v/ — Go (0, 2:) T
Rk [(Z-Z)T(2,Z)dZ,
= 35x, wo Go (0.Z:) To

ry = F (;/T(Z, Zy) W (1) dZ1Go (O,Zi)>
To include the corrective terms in (46), we rewrite this equation as:

we (7(6),6,2) (%)
~ w(700).0.2. + |9*)

- (wl_l (J (6),6,7,Go + |\1f|2) Ywyl(J(8),0,2, \1/))

x (w (j, Z,Go + \W))Z

The corrections are proportional to two terms wj ' and wy ':

Wit (1(0),0.2,G0 +9F) (w (T, Z,Go + X))’
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and ) )
w21( (6)’9’Z7\D) (UJ (J7Z7gO+XO))

In the linear approximation, using (47) and (49), we can combine the two first terms in (59):
w (J 6),9,2,Go + |\1/|2)
— (@ (100),6,2,G0 + 191) ) (w (7. 2.Go + X))’
~ & (7(0),0,2.60+ |9
where w satisfies:

w( ), ezg0+\x1/|)

K

= (F—-6F) 7/ ZZ1

C

w(0.2) wo+Q (0 2221 7,)

(go( +\IIO(5\IJ< 1Z2-2l Zl Zl)le>>

with F — 6F = F — GF2. The factor Z; , (ZZ, {Z; }J#, i )0 Z) , | ) arising in the definition of w* (see

48) shows that wi ' is a deformation of the effective frequency due to the interaction of the oscillations with
the global potential. As expected, the potential stabilizes the oscillations and thus mitigates the amplitude
of the waves.

The second correction to the frequency results from the evolution of the background. Given (57),
wy ' (J(0),0,Z,) can be written in terms of frequencies:

M,ZI)W wo+0 (012221 7))

N

wy ' (J(0),0,2,9)

—F? (VXU (Xo) Ny +? (J0),0.2,G0 + 1) Xo ) Vow (7 (6),0,2,G0 + [ ¥[*)

~NoViw (7(0).6, 2,60 + [9I))

(a(2) = Frexp (~a)) (Z1. (20,61, 12}, 7&)) Fexp(~))y (S12 (260 {25},
(z +exp (=) ((1) = ( —a?)!

1

X

To sum up, in the local approximation, frequencies are described by a wave equation whose form depends
on the background field. This wave is deformed by the stabilization potential and the evolution of the
background itself.

7.4 Non constant background frequency

In the previous paragraph, we considered translation-invariant transfer functions. This hypothesis, although
correct in first approximation, does not hold in general. Finite volume of the system or border conditions,
for instance, may invalidate this hypothesis. We will thus consider transfer functions of the form T'(Z, Z1).
To make things simpler, we will dismiss the corrections to the frequencies due to the potential and the
background field.

The derivation of the linearized expansion of (46) around wy (Z) is similar to that of (58) but now yields:

o2V30(0,2) = g0 (Z2)2(0,2) — g1 (Z) Vo (0, Z) + g2 (Z) VEQ(0, Z) (60)
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where we defined:

Q(0,2)

g1 (2)

92 (2)

' (Z)

Iy

5 (2)

Lo (Z)

Q(0,2)
wo (2)
I (Z)-T1(2)
CO’? + FIQ(Z):FZ’(Z)
Iy (Z) -T2 (2)
o2 4 L T2)
Z wo(Z
. / 2~ 20| T (2. 2:) 220w (w0°<(z1))> 2 .
NXT s 1 s ’
wo (Z) E(f) + oo
2l @ ) W () an
NX / Tr W 0
wo (Z) g (X ) + 50[
. f (Z _ Zl)QT(Z,Z ) WU((Zl))W (:00((ZZI))) lel—‘
2NX7 s 1 s ’
wo (Z) ] (7> + 50[
2 w w
o Jz-nrTem s (@f)a
INX, N . 0
wo (Z)1/ % ()’Tr) + Ja
w()(Z)
. K/T(Z,Zl)W(wO(Z1)>dZ1
N s 1 2 s
s (x) T

Note that equation (60) is a wave equation in an inhomogeneous medium.

7.5 Arbitrary transfer functions

A straightforward generalization of (58) can be derived by considering anisotropic transfer functions. Until
now we have assumed that:

wo (Z1) o, (w0 (2)
Z—7Z)(Z 7). T(Z. 2 1% dZ, = 6; ;
[ -z m G (G175 =6
where d; ; is the Kronecker symbol. Relaxing this condition, we can replace fa(Z) — 2(2), g2(2) —
95 (Z2) = 1E;§(ZZ)) Equation (58) becomes:

VeQ(0,2) = g0 (2)Q0,Z) + 91 (Z) Vo (0, 2) + g5 (Z)V 2,V 7,Q(0, Z)

for distributions:

f2(2) = (woW' (1) -W(@)TY
b J(Z = 20),(Z — Z,), T (2, Z1) dZy
2 7 9NX, 0

wo %(7) +Z bE
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8 Implications

We compute the Green functions associated to equations (58) and (60) to assess the implications of the wave
equations. The Green functions allow to find the propagation of an external signal at some particular points
to the all thread.

8.1 Green functions and external signals

The Green function of (58) and (60) are found using the usual Fourier representation. We will focus on the
retarded Green functions that model the wave propagation initiated by a source.

8.1.1 Constant background frequency

Let us first consider (58). For g; < 0, oscillations dampen over time at a rate |g1|, and are magnified in time
for g1 > 0. Since we assumed oscillations of small magnitude around the equilibrium, this implies that our
model breaks down above a certain range of amplitudes. A non-linear mechanism of regulation is probably
involved at some point to drive the system back to the equilibrium. However, we are mainly interested in
oscillatory patterns, and will assume |g;| << 1. As a consequence, equation (58) reduces to:

Ve (0,2) = g2V5Q2(0,2) + 902 (0, Z) (61)

which is a Klein Gordon equation. We normalize it by setting go = 1 and write go = m?. Using the Fourier
representation of (61), the retarded Green function of (58) is given by:

G(Z.7 1) = /dkexp (ik.(Z — Zu:i — dwg, (t — t/))H ‘-t (62)

with wy = Vk? + m2. The integral can be computed and we have:

mJi (m\/(t — ) —(Z - Z’)2>
-2 -z -z

G(Z 24 = H(t—1) %5@ _ - (63)

where J; is the n = 1 Bessel function. To inspect the implications of (63), it is sufficient to approximate
(63) for small oscillations. This corresponds to gg >> go, i.e. m? > 1. As a consequence, we can expand

Vk? + m? at the lowest order in 7’;—22, and write (62) as:

exp (zk (Z—2')—i (m + ’“—nj) (t— t’))

m

G(Z,7Z' t,t) ~ /dk H(t—1) (64)

up to terms of order ﬁ Computing the Fourier transform in (64), the function Gy (Z,Z’,t,t') can be
approximated by:
zZ -2
G274t —exp i [PE=Z) o\ B - (65)
2 (t—1t)
Equation (65) shows that the Green function G (Z,Z’,t,t") represents the path integral of a particle under
the constant potential m.

8.1.2 Non-constant background frequency

The Green function of equation (60) is a generalization of (63). It has been studied in the context of covariant
quantum field theory, but (65) shows that we can produce a path integral formulation for the Green function.
If g2 (Z) varies slowly with Z, the analog of (65) with non-constant coefficients is:
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go(z(s))

z(t)=Z 2
6(2.71.0) = [ | /(mz, w20 (dzd(j)) Vo) | ds | | D=y (- ¥) (66)

where the sum is over paths z (s) starting from Z’ and ending at Z in a time span of ¢ —¢'. The derivation
of (66) is straightforward. Neglecting ¢; (Z) as in the derivation of (61), (60) writes:

O'?V%Q(@,Z) =90 (Z)Q(97Z) +g2 (Z)VQZQ(G’Z)

then, cutting the time span ¢ — ¢’ into slices At such that go (Z) and g2 (Z) can be considered as constant in
a domain of radius cAt, the Green function for a time span At is given by a formula similar to (65), except
that go (Z) # 1:

go(z(s)) 2
G(z(s+Al),2(s),At) = exp | i QQ;(‘“” (z(s + Agt_ 2D g (2 (s)) At (67)

The convolution of (67) over the time slices then yields (65).

8.2 Propagation of external signals
8.2.1 Constant coefficients

The Green function (65) allows to compute the diffusion of an external source along the thread by convolution.
Assume an external source:

J(t,Z) = exp (—iwot) § (Z — Zp) (68)
which describes a signal located in Zj, with frequency wp. Using (65), the amplitude Q (¢, Z) is:

/wp@(?ui:%)—wﬁ—@n—mﬁ@—ﬂ))H@—ﬂMﬂ

exp (—iwot — iv/m |(m — wo)| |Z — Zo| + i)

[(m — wo)

Q(t, 2)

and for a signal including a whole range of frequencies:

f(t.2) = / (o) exp (—iwot) dwo (69)
the corresponding response of the thread is:

Q(t.7) = exp (—iwot — iy/m |(m — wo)||Z — Zo| + i)
wo- | = o)l

[ (wo) dwo

Assume that the range of frequencies in (69) is such that m —wo > 0. Then:

Q7)) = exp (—iwot — iv/m (m — wp) | Z — Zo| + im)
o = | im0

/exp(fwo (= 2= Bl) P (~i ()’ 12 = Zo| + i)

[(m — wo)| [(m — wo)|

[ (wo) dwo

To simplify, we also assume that the frequencies of the signal satisfy |wg| << m, so that:

exp (—i (vm)* | Z — Zo| + i?T)

Q(t,Z):f(t—m|Z—Zo|7Z0) m
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At time t, the frequencies present the whole past history of the signal, which is thus recorded in the system
of oscillations. The result (70) can be extended for several independent sources located in two points Z;, Zo

emitting some signal f; (t) and f (t) with frequencies below m. In that case, the response is:

exp (—i (Vm)®|Z — Zo| + iﬂ)
|(m — wo)
exp (fi(m)i‘ \Z — 2| +m)

[(m — wo)|

Qt,2) ~ fi(t—vm|Z—Z)) (71)

+fo (t—Vm|Z — Zy|)

As usual in waves dynamics, the response defined by (71) may present some interference phenomena, de-
pending on f; and fa.

8.2.2 Non constant coefficients

Formula (71) may be useful to understand the implications of position-dependent coefficients in (66). Assume
a thread divided in two regions, each characterized by some constant coefficients gy and go. We also assume
that these regions are only connected via two "entry points". This can be modelled by go = 0 on the border
between the two regions, and g >> 1 at these two points.

The path integral description (66) implies that the contributions to the Green function of the paths that
do not cross the border at the points Zyor Z5 cancel, due to large oscillations in the vicinity of the border.
As a consequence, the paths contributing to the Green function have to cross at Zyor Zs, inducing some
interference phenomenon (71) on the transmitted signal.

More generally, this dependency in Z along the paths impacts the result even for a simple signal (68).
Actually, the contribution to the Green function (71) of the various paths reaching a point Z of the thread
acquire a phase depending on the path and on the characteristic of the medium encountered. This may
create some interference between these paths. One may conjecture that trained networks will present some
particular learned features in their transfer functions, i.e. the coefficients go (Z) and g2 (Z), that would
produce some constructive interference for some signals, and destructive for some others.

9 (I,m) points correlation functions and probabilistic interpreta-
tion

9.1 General setup

Appendices 3.2 and 3.3 show how to compute the (I,m) points correlation functions by successive derivatives
saet(61”) -t
5\1;1(9(0)

We give here the expressions for strong and weak background fields. Appendix 3.3.1 shows that, for strong

background fields, the m-th tensor power of (43) becomes:

of (43). Neglecting the interactions, the correlation function is given by tensor powers of

—1\ ®m

SAQT (9@)

= [(14+0:12)6 (1 + exp (/fz) N ((g(i)) dam)) o (agz‘)) o <9§i)) Vow ™t (J (9&‘)) 09 7 go)>
6
-1
(14 01.00) Go (1 + exp (/i) N ((g(i)) dam)) o (9@) o (gg')) VoG (J (ogi)) 09 7 g0>>
0

-1

[0
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For weak background fields, the no-interaction part of the (I, m) points correlation function is:

_ _ 1(,2_ .2 4 ' —Q@m
<g0_1<1+01 | 1+ exp (—2) (=2 + 3 (v* — 2%)) (9@79?))) 510 (73)

+exp(—2) (w0100 +y (1 + O012) =2 (1 + 01 00))

1 2 2a 1 /
exp - (02XT) +5 x| (06
~ ggi””dl,m =0(Z-27") H (9 — 9’)

o A

These formulas show that for strong background the interacting dynamics of 2[ cells is mediated by the
collective background, represented here by the source term AS) that depends itself on the background field
v,

Appendix 3.3.1 computes the corrections to (72) and (73) due to the interactions. The general formula
6l+1,m+1[AQ] (G;i)
CE(CRRCED)

st ag] (o) - < 5 )l< 5 >mX1,1 (60, (691)) (74)

for the 1PI vertex 5 is recursive:

st ((07). (#97)) on) \owt
oUE(0007)  ama(6)
e Ao /i (09 (o)) vy (). (7))
1<r4r’
= e (%) (o) 0, (0)
+M x TH_;TFI 7’1'l'7ﬂp'81'm;p/'

S1+...+sm=m
0<7;,0<83,1< i+

s TSyl (i) (i)
5w e ixp(i}{%) XU (0, (o))

where:

) Lt exp(—a) (~z+ 5 (4° — 2%)) - (09,0")
(1+0100) +exp (—2) (~O100 +y (1+012) =2 (1+01,)) V1 7/

XUt <9§i)’9§j)>) —g;!
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and the kernel K (0@, 0&”) has a matricial form. It is defined by:

K (60,68") (75)

+]AQ)] (eg”) ]’ (eg“) 5 <(eg”>)/ - 05”)

(1 —exp(—2a)) (1+ Ol,oo)egi)

A (0@ (g ’) _ _ > 7
< Lo ( ! ) (1+01,00) +exp(—2) (=O1,00 +y (1 + O12) =2 (1 + O1,0))
(1 + 0172)9(17’,)7<9(1i))’ exp (—x)

B 6)(1')7 e(i) ,) ~ —1 _ _ _ _
( 1 ( 1 ) go (1 + 01700) + exp (—.Z‘) (—01’00 +vy (1 + 0172) — X (1 + Ol,oo))

12

Gyt

and the matrices involved in the definition of K (Ggi), 0&“):

A9 = (a0f,A0), [4(6)] = ( ;((Zg;))) ) CYIE ( ;%)))) )

B (1 + Ol,oo) e(i) ! 9(1') 0
(1+0100) /o' oy | = () = y
(o)t 0 (4O upry
7 (1 + 01,2) @\ o) 0
14010), v | = () o y
( 172) (9(2”) ’0(21)— 0 (1 + 01’2)6(2”,(99)’

i N\’
[ (9?)7 (9§i)>')' _ Al (9§ ) (9§ )) ) 0

(oo )] - [T
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The successive derivatives of K (0(11‘)’ Héi)) are given by:

s K (egi)7 Hgi))

5 [wut] ((0@) 7 (9“”)) (76)
o [a0] (617) b ey A (o)
= [ (eé)>5[ww((9<”) @) +6 (0 >f99)5[\1,@]((9@)),(9@”))
L/ @ (p@) Y| gr—s—ta'—s'—t' " s a0l (0@
Z/ 5 {A (9 (o} ))} 5 FAQ}((al )) 5 [AQ) 4((92 )) oy
() ) ) ) @) O
st [ ( (6 ﬂ sr—s—tr—s'—t ]((65"))/) 5+ [AQ) ((99)/)

(G )( ") ot (o), (o)) omewy ((0). (o))
< | (1+012) (ey)lﬂy)Dgo (68) a (o)

Formula (74), (75) and (76) allow to find the 1PI n-th vertex. Appendix 3.3.2 performs the computation in
the strong field and weak field approximation.

9.2 Strong field approximation
Appendix 3.3.2 shows that in the strong field approximation, the 1PI n-th vertex are:

0N (i)
(/AQT(1+01,OO)MQ (9_1 )> (/ al <0_1 ) (1+01,M)AQ)

SU (9(”) swt (9“))

X exp <(y2 _ g;2)2exp(—93) (/ [AQ}T (9(;)) [(1+01.00)] [AQ]>>

and that the connected Green function are given by:

O\ " i (o
Fim (1) (/Am (140100 5;?(5}‘;1)))) (/ 0AS (91 )(1+01 OO)AQ)

X oxp ((y2 B x2)2exp (—z) (/ AQ)f (gén) (14 01.00)] [AQ]))

where F} ,, (¥) is an increasing factor in the norm of the background field ¥:

m

m

m—3

Fim () =~ 3 <exp(_(x—a))/qﬁ((egi>))m((9g>)>>p

k=0
1

1—exp(—(z—a)) [Tf ((QY)» v ((Qgi)))

~
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The same Appendix computes also the (I, m) correlation functions:

SAQ (9?))

NI Y inf(1,m) . ¢

—— S1m+ Fy 1, (V) — = (77)

ov (951)) l ; 1;1 s1>.. >OZtl> >t>0 (E t > o (9(1))
+t; 21 si=l—s,> ti=m—s

(@) <<<9£“>>>f”‘i
(e () e e

2 2 k
 exp <<y = ([ iaqlt (o) 0+ 0y M)))

where permutations over the 2/ points are implicit.

9.3 Weak field approximation

In the weak field approximation, the correlation functions for [ # m are negligible. Appendix 3.3.3 shows
that the 1PI n-th vertex is:

51#1&2(9?1)) SN\ /7 6!
(o) oy - ) ()

61,1K 61,1K 1
+ [M*CS[‘I"I’T]] * ..k {M* 5[\1'\1”]} * X

which can be approximated by:
RN

S (). ()

From the vertices, the connected correlation functions can be retrieved:

~(-1)' Gy ® ((1+ O1,00) * go)®l_2 * 01,00 * Go

gl = ((—1)l Go® ((1+ O1,00) * g0)®l_2 ® 01,00 * go)

k
'Y Y I X < (9@ (14 01s) 60) ™" 7 © 01+ Go)

k=211+...+Hl=l m=1 *élm}
0

{im

where the sum over g/ '} denotes the sum over all possible convolutions between the blocks:

l7n_2

(go © (14 01,00) #Go) """ 2 @ Oy o % go)

Two blocks are convoluted on at most one variable. The convolution are performed by insertion of a

propagator Gy between the blocks. The expression for the connected correlation functions induces the full
correlation functions:
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SR SR C @
p,k

L, lp=l—p k
= g(?l + Z (_1)l_p Z H (((‘Dln Go® ((1 + 01,00) * go)®ln_2 ® 01,00 * go)
.k ln, 2 ln=l—p 7

EDINEDS H >l (Go@ (14 0100) #G0) " P 0 01+ Go) | @657

k22 1+l =l, m=1 {lm}
*So

And this expression describes a sum of cell-to-cell interactions.

9.4 Interpretation: joined probabilities for frequencies
9.4.1 Principle

Equations (77) and (78) may be interpreted in terms of joined probabilities for frequencies at different points
of the thread. To explain this point, start with the two points correlation functions. At the zeroth order in

| (o) |
perturbation, the function W is the Green function of the operator:
s
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which is (27):
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This function is the Laplace transform of the function Goz (9, o, An):
Go (0,0',2) = / Goz (0,0', An) exp (—aAn) da

The form of Go z (9 o' An) is not necessary here.

The function Goz computes the probablhty of a time interval 8 — @' for An spikes of the potential at
point Z. The Laplace transform Gy (9, 0.7z ) computes the probability of a time interval § — 6’ for a random
number of spikes An with average 1. Since the of spikes’ frequency is 2%, Go (0,0',Z) computes the
average probability of a frequency m of spikes. Computing the average <(9 — 9/)> confirms this point:

eXP<—< (UQIXT)Q-Fig 02X>(0 9))
G (0,0,2) = 6(Z2-2") H(6-10)

A
exp (—aX,, (9 — 6’))

~ §(Z-7 H(0-0

(z-2) - (0-9)
so that <(0 0 )> = ——. The average inverse frequency is then « <(0 — 9’)> = )—%

As a consequence, the expression of G (9 0,z ) computed at & = 1 can be interpreted as the probability,
at time M of a spikes’ frequency equal to ﬁ. The same applies for higher order correlation functions.
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We show in Appendix 3 that SR ((00 Y, (a1

7) computes the transition probability of 0t to (0(i)> for
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1 = 1...1 for an average number of spikes of é, so that:
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swwt]((69), (61)) 2 T M Ot 2 ~ 90— g0f
(79)
computes the joined probability for a set of [ frequencies at points Z1,..., Z; and times 6D +oM1 Jeeny H(Z)EG(M.

Equation (79) can be rewritten in terms of density for the set of variables o) = M and w® = m:

8 i | 570 (9@,9&“)
P ((W( ). 5" ))1<i<l> = (}:[1 (w(i))2> 5 (U] ((9(2’)) , (g(i)T)) -1

sn(e)\ T\
Using (79) we can now interpret (77) and (78): the first terms <<5\1/(<0(1>)) ) and G§™ represent an

independent distribution for the frequencies at different point, and the corrective terms measure the mutual
dependencies due to the interactions in the background field. Moreover, for [ = m = 1, the probabilistic
interpretation is an alternate description to the frequencies’ local differential equation. We will examine (77)
and (78) independently.

9.4.2 Strong field approximation

In the strong field approximation, the fields Wf (Qgi)) and ¥ (Héi)) in (77) can be written as functions of the
. - . w@®) ! , RO

set of variables 8 and (w(l)) as ol (0(") + (2)> and ¥ <9(Z) — (2)) We first consider [ = 1

and write the individual probabilities P (w(i), H(i)), up to some normalization factor:

‘ o sAQ (61
(w<z>)2 p(wm’g(z)) _ 6\1/((0(1)>) (80)
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The individual probability (80) can be written explicitly. First, the propagator arising in (80) is defined by:

o (- ()3 - o ) 0-0)
Go (0,0") = 5(Z—Z’)i H(6-6") (81)
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The factor 6 (Z — Z') H (0 — ') will be skipped and reintroduced ultimately. Formula (81) is computed
for an average current over some timespan. This approximation can be relaxed and we can compute the

frequency at the average point 09, As a consequence, (81) can be computed by setting J — J (H(i)) in
(82). This implies that we can replace A; in the formula (82) by:

with:

Ultimately the propagator is:

oo (-20)
Go (0,6) = ——F—= (83)

Second, the quantity (14 O1,00) * Go = (1 + O1,06) Go in (80) is given by:
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It can be expressed in the set of variables 0% and w®:

(14+0100)G0 = |1+ (exp (Broe (20123110 60.00)) = 1) | G0 (84)

(14 012)G0 ~ | 1+ G F “1‘”(2“9 {Z}ﬁéi) exp “1“(2“9((_))’{%}#) 1) g,
A= <+u1m(zl,al,{2}m)) Wt
(85)
where: R A
o (120,0)
and:

2100 (2069475}, 4.)

are the average of élm (ZZ-, {Zj}ﬁgZ , 95 ), ol )) and 21 o (Zi, {Z; }ng ,6’5’ ,9( )) on the time span 053) —Gz(j).
In first approximation, it depends on the mid-point 6). This dependency arises as a function of the external
current J (G(i)).

As a consequence of (85) and (83), we obtain:
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Using (64), the probability P (w(i), H(i)> is given by:
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Depending on the sign of VG (J (9(1) + (2)> 0@ + (Co ) , 7, QO>, i.e. the variations of J (9(1)>,

and the magnitude of ¥, the denominator:
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cancels and P (w(i),O("’)) has a pole o.)((f) (J (0(”)) The average frequency is switched to this pole and a

discontinuity arises. The frequencies concentrate around this pole.
We now consider the general case for [ correlated frequencies. Up to a normalization factor such that:

/P (( QN ”) z) H dw® = 1, the joint probability defined by (77) becomes:
1<
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where permutations over the variables are implicit.

w®) 1 ®
In first approximation, we can replace Ut <0(l) + (2)> v (9(” ()> by \I/T\IIO and for large Wy,

1
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is driven towards a uniform distribution by the correlations between the points. The first order corrections
due to the background field uniformize the pattern of frequencies.

9.4.3 Weak field approximation

In the weak field approximation, expression (78) for | = 1 becomes:

) ) ol 1+ O1,00) +exp (=) (01,00 + y (14 01.2) — 2 (1 + O1,00)) oG
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where (83) is used. We recover the probability for the frequency in the current J (H(i)>. In the correction

factor:
(14 01,00) +exp(—2) (01,00 +y(1 + O12) —2 (1 4+ O1,00))

1+exp(—z) (-2 + 3 (y* — 2?))

the contribution:
1+exp(—2)(y—=x)

L+ exp(—a) (—2+ 3 (4 —22))

can be included in the normalization factor. At the first order of approximation, we are left with:

2 exp (_1\15(92”))
(+©)" P (w,09) = <1 N 1/0172> N\

l+y—= A
Writing explicitly O 2 in terms of w® | we find:

(w<i>)2 P (w®,01) (88)
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In a background field of small magnitude, the probabilities’ formula do not include any pole, and the
frequencies are not shifted by an external current. They rather include the minimal interactions (, that

correspond to the minimal level of operating frequencies.
Using (78) and (88), we directly deduce the joined probability for { frequencies:
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} ={1,...,n}. The

where the permutation over the variables (w(i), G(i)) are implicit, and U,, { (zﬁ,’?) i l
=1,...Im

function P is defined by:

P ((w),00) L (w5 00)) = P (), 657))
X (lﬁl P, (w(z‘i;))ﬁ(i;s)))) P, (w(i;{n>)’9(iglzn>))

with:
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10 Extensions

Several extensions of the formalism may be considered, the details are left for further research.

10.1 Excitatory vs inhibitory currents

A first possible extension is to include inhibitory currents. This is done by introducing two different types of
cells, each defined by a different field. We write ¥, (4, Z,w) and ¥, (9, Zw) for excitatory and inhibitory
neurons respectively. The influence of each type of cell on the other one is obtained through the actions

of the induced currents. If we assume that the transfer functions are identical for both type of fields, the
corresponding action terms for the frequencies are:

1 K w Z -7 2
o [ 106,20 (w1G<J<9,Z>+ v (0- A 20| 120,20 21
Z-Z ’
K 031 ‘ o 1‘ s~ il d ~
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2
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so that the action for the system writes:

Lot o3 —1 Lot (o 7 c %% o1 > -
§ = —5u(0.20)V 2V -w) 00, Z,0) - 50 (e,z,w)v . U, (a,z,w) (89)
1 KW Z -7 2
2772/|\1/1 0, 7,w)? <w1G<J(9,Z)+/Nw1 U, <9| ; 1|,Z1,w1> T (2,6, 7)) dZdw;
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As in the section 3.2, we can project the fields on the frequency-dependent states. This leads to the following
action:

2
T(Z, 9, Zl) ledw1)>

1 + Ug 1 1 + ~ 0'3 -1 ~
§ =51 (0.2)V (V—w (1.6,2,01,92) ) ¥, (6,2) 5 ¥} (e,z)v DV -7 (4,0, 2,01, ) ) ¥, (e,z)
where the frequencies satisfy:
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2
le>
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As in section 3.3, a collective potential can be added:

Zg”)/waz (n

X

1

)

to model the fact that the equilibrium activity includes both excitatory and inhibitory activities.

1

where we define:

10.2 Full system dynamics

Until now, we have considered the dynamics of frequencies alone. The transfer functions were considered
in first approximation as depending on the frequencies. We show briefly how to generalize the model by
including dynamic oscillations for the transfer function. We will work in constant background frequency to
simplify the formula, but the computations can be straightforwardly generalized to a position dependent
background. The computations are presented in Appendix 2.
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To account for the dynamic nature of the transfer functions T' (7, Z1, w, w1 ), equation (58) must be modi-
fied and associated with an evolution equation for T (Z, Z1,w, w1 ). Using (56), we replace T (Z, Z1,w,w1) by
a general function T (Z, Z1, 0) that is a priori independent from frequencies. Around the equilibrium defined
by the background frequency wy, the function T (Z, Z1,0) then writes:

T(Za Zl)g) = TO (Za Zl) +h(Z, ZI)T(Zaov Zl)

where Ty (Z, Z1) is the transfer function in this equilibrium. The function T (Z,0, Z1) represents the fluctu-
ations around this equilibrium. The expansion of G around wy becomes:

. wﬁﬂ(e—@,zl) —Q(0,2)
G */ T(Z, Zl,w,wl)le

N s 1 2 s

9(9 ‘ZZ”Z) h(Z,2:)T (2,6, 2y)
~ wq+ FO / Z Zl 1 1
\/ —|— 0 \/ —|— F0
As a consequence, equation (58) is replaced by:

Tr r .
o2V20(0,2) = Q(0,7) + %vm(e, Z) —TyV%0(0,2) — cfjvgg 0,2) —ToT (2,0)

7 (2.0) / (Z,Z2\)T ZHZl

Jo(2) 50

\Z — 21| Ty (Z, Z4) dZ4
Iy = I
1 NX / 0
woy/ g ( ) + 5«

FQ _ K f(Z—Zl) To (Z Zl)leFO

2N X, B g(—) + 2a

where we defined:

and:

K, TO Z Zl le

v s

Appendix 2 derives the dynamics for 7' (Z,0) and yields a system of dynamic equations for (Q 0,2), T (Z, 9)) :

Iy

o2V0,2) = Q0,2)— f1 (Z2)VeQ(0,2) + f2(Z) V500, Z) — f5(Z) V526, Z) (90)
+T0VLT (Z,0)

V2T (Z,6)

\ + Uy (wo) VT (Z,0) + Uy (w) T (Z,6) (91)
o p (D (2)T0(2) iy (w0) + Co (2) s (w0)
= [ pC(Z)hy (wo) — g Q(2,9)

+pD (Z) Wy (wo) (T1VeR2(Z,0) — (T1V59Q(Z,0) +T2V5Q(Z,0)))
AT

40



with:

() = —— [hzzmc@)
T 1 ™
§(X,‘) +3a
_ 1 ~
Co(2) = — [nzzc@hzn)
() g0
Ty (2) = . W2, 20) o (2, 24)

2
s 1 s
g (7) Taa

Note that for a slowly varying 7' (Z, ), formula (91) is similar to (58).

Appendix 1. Vertices of (18) involved in the computation of the 2n
Green functions

To find the effective action associated to (18) and the collective term (22), we proceed in several steps. The
first one is to find the vertices involved in the computation of the Green functions. To do so, we will expand
the action (18) in series of field. This produces a series of an infinite series of vertices. However, given that
the two points Green function are not symmetric by time reversal, we will show that only the 2n first terms
are involved in the computation of the 2n Green functions. We will then estimate these vertices using the
recursive relation (16) between frequencies depending on field. These results will be used in the next section
to find the graph expansion of the system’s partition function.

1.1 Estimation of the two points Green function

We start with the two points Green function and prove (29). To do so, we will expand the action functional in
series of the field ¥. The two points Green function will be computed by using the "free" action’s propagator
defined by (18) and obtained by replacing w=! (J,0, Z,¥) by w=! (J,0, Z,0). The free action is:

2

So = _%qn 6,2)Vy (‘;vg —w (10,2, 0)) v (0,2) (92)

and the series in field will be considered, as usual, as a perturbation expansion.

1.1.2 "Free" action propagator.

Now, we compute the propagator associated to (92). We decompose the external current into a static and a
time dependent parts J 4 .J (¢) where J can be thought as the time average of the current. We will consider
that ’J (Z)‘ > |J (0, 7)|. At zeroth order in current J (), the function w=! (J,0, Z,0) satisfies:

w '(1,0,2,00 = G(J+J(9) (93)
arctan (()% — X%)) j(Z)) 1 1

Gl@) = Tz T X.(2) X,

1R

~

where the dependence in Z of X, will be understood. As a consequence w (6, Z) is thus approximatively
equal to X,.. Under this approximation:

0.2

1
= — i —_— JEE—
So=—Ut(0,2)V, ( 5 Vo XT> U (6,2)
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and the Green function of the operator Vy (%Va — %) is computed as:
ik(60—6
xp ik (0-0)) gy

Gk +ikg +a

<@Wamww2@>z@w@2yw22»zgqamzy:uZ—Zq/

The right hand side of (94) can be computed as:

. o _q ; -9
/iz(pQ(zk.(Glf)))dk _ exp<92)f)/ exp ik (0-0)
T+ ik +a XSS 2y () va
2
exp(UQX ) (95)

voly

2
1 2a
(UQXT) + o2

and this is quickly suppressed for § — @’ < 0. This is the direct consequence of non-hermiticity of operator.

In the sequel, for JQXT << 1, we can thus consider that:
1 2 2a 1 /
. exp | — (T}) _A,_i_T,T (9_9)
H (9 - 9/) (96)

2
1 2a
(W) T

Go (0,0',2) =6(Z - Z')

S

where H is the Heaviside function:
Ofor0—6 <0

HO-0) =
1ford—6">0

This form of the propagator is sufficient to compute the graphs expansion in the next paragraphs. We can
check that the corrections due to a non-static current do not modify the result. Considering:

L1 ) J(G,Z))

X, Xp

GUWJﬂzmwm«&sz)

For relatively high frequency firing rates, i.e., small periods of time between two spikes, we replace (94) by

the Green function of:
o? o? 1 .
Vo 7V9—G(J(0,Z)) ~ Vy EVG_XTT_J(H’Z)G (J)
and w™! (Goz (0,0)) by:
2
Lon (- (V) - 0-0)
Go((0,2),(0,2")) = 6(Z2-2")—= H(6-96")
V3 (#)2 L 20
o2 X, o2
1 (T 0’
1= 17T G (J) / J (9“, Z) d0"
V3 /( 1 )2 4 2070
02X, o2

as a consequence since .J (6, Z) is the deviation around the static part .J, the corrective term vanishes quickly

as 0 — 0’ increases.
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1.1.3 perturbation expansion and the two points Green function

Formula (96) allows to compute higher order contributions to the Green function of the action (18) by using
a graph expansion. Actually, writing w™! (6, Z) for w=! (J,0, Z, ¥) when no ambiguity is possible, the higher
order contribution for the series expansion of w™! (6, Z) in fields are obtained by solving recursively:

(2.0~ 12220 7)) 7z
“1(J.0,7 J(9,2) / v e—gz
(‘L? ) N J@ Z) C sy L1

2
T (Z, 9, Zl) ledwl

(97)
This will be done precisely in the next paragraph. For now, it is enough to note that given (97), the recursive
expansion in w™! (J, 0, Z) of the potential term in (18):

2
T(Z,21)dZ | | ¥ (0,2)

J,0 - 2=2 Zl>
T o 17—z
vo,2)v|a|r6,2)+ /N ol ‘xp(@ 2=l g,

J,0 Z)
(98)
induces the presence of products in the series expansion of the two points Green function:
2
ki I, n(a(l) 7. — Z(l ‘+ + ‘Z( Z(l)
’r (@) @ _ 17" Tel® O]
H/qf@ ZV9<)H HH/\po - + Za
k=1 \ i=1 a(l)=1

xdz{{)).dz)w (69, 2;) do dz; (99)

with n(a(l)) = n(a(l’)) for I > I’ and m € N. The function § (Z — Z’) in (94) and the use of Wick’s
theorem imply that all closed loop subgraphs drawn from this product reduce to a product of free Green
functions (96) of the following form (the gradient terms and the indices « (I) are not included and do not
impact the reasoning):

7 7. k)
(@) L gt . (0
/Hg N Zf,e —Zf,zl 6(Zy — Z)) 6 (21 — Zy) dZ;d 2, Hd9
I<n k<n i
(i) %~ ZM (i+1) it — ZM (i)
= o) N L Ly Nt 17 ot
1:[90 ; : ; gl . A 1:[

(H Go (9”),9(”1)721)) IR (100)

by change of variable in the successive integrations. Moreover, the cancelation of Gy (9,9/, VA ) for < ¢

implies that this product is different from zero only for 0 < 9+ As a consequence, for all closed loops

0; < ...< 0D <0+ < 9, =6, the contribution for loop graphs (100) reduces to:

1160 (61,61, 21) =] G0 (0, 21)

with (see (96)):
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As a consequence, the contribution of (99) to the two points Green function between an initial and final

state:
< Oins Zin /Hw*(e“z)
_ e (-1 _ 7O
WemH (9(1)_|Z1 ZO|+ .. +|zZ z ’7Z(”>
k=1

C
X U (9“), Zi> d9<i>dz,-qf O fn, an)> (101)

2
dzW ..dz )

reduces to sums of the type:

5(Zm - an Zgo znaela zn) gO (017927 m) . gO (epaefna m Z Z H gO O 0 Z (LEYI;))
P TP
(102)

Lt ), e L%p )L is the set of all n-uplet of possible closed loops that can be drawn from the remaining

where { i

variables in (101) once p variables have been chosen.
The result (102) is the same as if in (98) the potential had been expanded to the second order in ¥ and

in all terms of higher order, |¥ (6, Z)|* had been replaced by Gy (0, Z).
Now, writing w (J, 0,27, |\IJ|2) for w and w (0) = w(J,60,7,0) (i.e. when we set ¥ = 0), this means that
the 2 points Green functions are computed using the action:

—%qﬁ (9, 2)Vy (”jvg —w! (0)) (0, 7) (103)

—1)([n]) (0)

[nw (gO (O,Z))"\I/(H,Z)

1 Vo (w
+5010.2)) 0 (

n>0

-1 2
+ Z < ) (0) |\II| (gO (O,Z))n_l Go (9,9/,2))

= [n—1)! -
- _5\1/* (0,2) Vg (“;ve —w! (0)> v(0,7)+ %qﬁ 0, 2) nzwve ((w™) (G0 (0,2)) —w™(0)) ¥ (0, 2)
+ (Vo (@™ G (0, 2) 1960 (0.0, 2)))
) 52 1L [o[wt 0. 2) V0 (vt (1.0.2,197) w6, 2))]
- _§\IJT 9, Z) (vgé’vg) W (6,7)+ 3 g SP

1%(6,2)|°=60(0,2)

w1 ([n])(o)

where B P is a short notation for:

"o . 5" [wl (J,o, Z, \\1/|2>}
Z/Hdzl()...dzl(;)
L i=1 n |Z,Zl<v1>‘+mJr 71, 0=1) _ 5 (14)

I : : i

2

Zl(il i)

|w|=0
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(w71)([n*1])(0)|‘1,‘2

= stands for:

and

5" ot (.6, 2,10P)]

n—1
> / ] dz"..az"

- 2\ ki;
1; i=1 |Zle<7,1)|+4..+ Zl(ilfl)izl(ili) w
H5 v 0 - ’ c ’ ’Zlil
' |W|=0
) 2
n-1 ’Z - ij”’ Fo ‘Z}j‘l) — 7" o
X |\ 0 — ,lej
= ¢

—1)([n]) 2
Similar notation is valid for () [Elg_og)!,o,z))hlq , the derivatives are evaluated at |¥ (6, Z)|* = Gy (0,0, Z).

We have also used |¥|? {

5|\1/|2] as a shorthand for:

1) (1) _ )
a7z, dZ(” 22| +..+ |2V - 2
Z/( v|6-— Lz (104)
5

c
x 1 -1_ 0 2
5 (’\I/ (9 |z—zl |+.4.ﬁjzl 7 |’ Z}”) )

1.2 Higher order vertices involved in the effective action

To compute the 2n points Green functions, we proceed as for the two points function and consider a series
n

expansion of the potential in powers of ¥ (6, 7). In products H | (05, Z:)|°, n — k factors | (6;, Z;)|?
i=1

are replaced by G (0,0, 7;) at the higher orders. A derivation similar to (103) then shows that 2n Green

functions are computed by using the expansion of the action:

1 2

—50(6,2) (vf;vg) v (0, 2) (105)
1 2k 5" o 1 2

+5 > 19 (W“I\PQ [\11 (0, 2) Vo (w (J,H,Z,|\IJ\ )\1:(9,2))]
n>k>0 [¥(6,2)1>=G0(0,2)

where | 0| W generalizes (104) and stands for:

22|+ ..+ |20 - 2

k
3 / [T (z7..az) |w {6 - d — Lz
l; =1

5k

|2-2{D|+..+ z(=1 71
k2 k2 K

i
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Equation (105) can be shown recursively. To compute the 2n correlation functions, the subgraphs with 2k
legs, k < n, are given by (105) at order 2k. For k = n, the classical action yields a vertex:

: (mlfnmfﬁ (Wi (6, 2) Vo (w7 (1.6,2,0P) \IJ(H,Z))D o[>

[(9,2)[>=0

For k > n, a similar argument as in paragraph 1.1 in the vertex:

: (W';W [ (0, 2) 9o (072 (7.6, 2,197) w (9,Z))}> o[

[(9,2)|>=0

k —n factor |W (0, Z)|” have to be replaced by Go (0,0, Z). Summing over k, it means that the 2n vertex is
computed with:

5l+n B n
= Z <'l+ 5 [V1(0.2) Vo (w7 (1.0, 2,91) @ (9,2))}) (€L, (Go (0,0, 2))! W)
I+ n]ld \\IJ| 20,220
where the symbol [C}, ] reminds that among the product [V (61, ZO o |9 (014, Zian)|? we sum over all

the C},,, possibilities to replace [ factor |¥ (6;, Zj)\2 by Go (0,0, Z;). Summing the series, we find for the 2n
vertices:

1 §l+n
= — | ——————— |V (0, 2) Vo (w ! (J,0,2,|9]*) W (0, 2) ) ||
2nt <[l+"]!5l+n|¢'|2[ 2wl ( ) ) 19(6,2)[?=00(0,2)

as requested.
To compute the higher order corrections to the effective potential, it will be useful to write (105) with
an other set of variables. We replace:

i

‘Z - Zf})) +o ‘Zl(f*” — 2z

U , Zl(il i)

Cc

by W (0 — l;, Z;) where [; represents an arbitrary delay time. As a consequence, the 2n-th vertex:

Vo = |U]>" (W [qﬁ (¢, Z) Vg (w_l (J,G,Z, |\p\2) v (6, Z))])

[¥(0,2)1?=Go(0,2)

becomes (where w™! (J,6, Z) stands for w1 (J, 0,7, |\I!|2) when no confusion is possible):

Ve — 1/@ (6,2) V- 5” Wl (16,2) nHl|x1/ -)|2nl:[1dz-\11(9 Z)ydzZdl;  (106)
2n 2 - z ‘ [ ) i
H 5 |\P l“Zz)|2 =1 i=1
n, —1 7 n
+/g(g( ) (1,6, 2) 1w e - 2HdZdZdl
H(S'\I] li,Zi)‘QZ 1 i=1

H5|‘I’ — U, Zi)P = i=1

with:

Gy (2) = (VG% 6.2 Z)>
0=06"
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However, the two last terms in (106) come from the backreaction of the n vertices on the whole system, and
can be neglected in first approximation. Actually in a neighborhood of the permanent regime, we have:

S"w1(J.0,7 " rw1(J,0,2
gO(Z)n w (” ) << w (77 )

n—1
[To1w -1, 2)° [To1w - 2)P
i=1 i=1

The neglected terms will be reintroduced later.We can thus consider that:

1 5”1*1JGZ = =
Van = /\Iﬁ (6,2) Vo~ [T 1w -0, 2z)7 ] dz:v (0, 2) dzdl; (107)

2 .
H 5|\P l,“Z7)|2 =1 i=1

These terms are the coefficients obtained by the expansion of w™! (J,0, Z) in powers of ¥T (0, 2) ¥ (0, Z). Tt
is valid for |¥ (6, Z)| < 1. For |¥ (6, Z)| > 1, we can expand w™!(J,0,Z) in powers of \\11(91 77+ Given the

form of F' and since arctan (z) = § — arctan( ) the expansion is obtained by replacing the derivatives of
F by those of —z2F and by replacing w with w™
Formula (107) yields the vertices Va,, n < N, intervening in the computation of the 2N correlation

functions. We have to estimate the derivatives arising in (107), before computing the effective action.

1.3 Estimation of the derivatives involved in (107)

To compute the 2n Green functions with vertices (107) and the graph expansion of the effective action, we
w1 (J,0,2)

H6|\Il(0 1:,2:)|?

recursively. To do so, we will need to approx1mate the results around some static solution. We define @ as
solution of:

first need to estimate the derivatives appearing in (107). These derivatives can be computed

G (J(Z) + ;°D((jz))g (0,0,2:) T (Z, Zl)le> (108)

o 1], 2)

7oz +/£ w(J, Z)
N _ 2
()5 () + 2

where J (Z) is the average of J (6, Z) over the full timespan. We also define:

T(Z,7,)dZ,

K G)(j,Zl)

Goz, (0,0)T (Z,Z,) le> (109)

n, —1
These quantities will be useful below. Now, we will find a recursive expansion for M

1_[5|x1;(071i,zi)|2
i=1

1.3.1 Computation of the first order derivatives in (107)

Using the recursive definition of w=! (J,6, Z):

J0— 1221 Z1| Zl)
—1 _ ( _ |Z_Z1‘
1,0.2) =G | 10, 2) + /N IeE ‘w(a Z=A g,

2
T(Z,72,)dZ, | (110)
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Sw(J,0,2) .

we first compute IR

Sw=t(J,0,2)
W (01, Z0)

1z-2']
w(J0-——,2 ’
G (J(H,Z)—i—f]'\‘](ww’z))‘qf <9 12— Z| Z’>
SW (0 -1y, Z0)[

w(g0-12221 7,
w(J,0, Z)

N
- (o 2 2w - 22
w((50-12221 7 ,
R TN

w(JlG Z) fﬁ Z—2] P

i) 6‘\11(9—%,Z1)‘

’ 2
L (e (o ) o (0 15 2)

i -7
= w(J,0-11,21)T1(0,2Z,Z1,w,9)§ (11 _ |Cl|>

(111)

2

T(Z,2") dZ’)

T(Z,2,) G [J,w,0,Z, V)5 (Zl _ @)

T(2,2)) de) G'[J,w,0, 7,7

2
T(2,2")dZ'G" [J,w,0, 7,V

T (Z,2") de) G'[J,w,0, 7,V

IZZI

2

ow (J 0 —
10,2, 7' w,¥)dZ'

Z’> ,
C b

+f i
o1 (01, 21)]

where we defined:

Tl (9?27217(“}7@) (112)
L £T(Z,2:) G [J,w,0,2,9]

w(1,6,2) | _ (f;w(J,e—'Z;ZUZ’)“I’@—Z?Z/',Z/) 2

T(Z,2) dZ’) G’ [J,w, 0,7,V

Equation (111) shows that we also need % to compute M%. This is obtained by:
w(J,Ofﬂ’Z/) e )
OF | J16.2) +I%W ‘\I/ (9_ c’Z/> T(Z,2")dZ'
) 0,7
CU(J7 ) ) . _ 2 (113)
5‘\]:}(0—11;21” 5'@(0_[1’21”
a YANA
= w(,0—1,2)T (0,2, 21,0,¥)6 (zl _ |1|>
c
dw (J 60— |z—- Z‘ Z/) _— ,
+/ 2 “I’ (9,Z'> 7(0,2,7',w,v)dZ’
5| (0—11,7) c
with:
[ cw(J,0,2)T (Z,Z1) F' [J,w,0,Z,¥
T(0,2, Z1w,¥) = w ( VT (Z,Z,) F' [J,w ]

w2 (J,0,7) + (f;w (J,e_ Mz) ‘@(9_@72/)

2
T(2,2") dZ’) F'[J,w,0,Z, 7
(114)
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Equation (113) and (114) define

5 <J,0|Z_Z/|,Z’>
5|V (0 —11, 7))
_ ! I _ " . _ ! _ ! ! _ 1
— /C(J(J,H—Z Z|_|Z Z|72/I)T<9_|Z Z|,Z,,Z//7w,\:[}>5<|z Z|+‘Z Z|_l1)dzl/

% recursively. Actually, writing:

C C C C C
&u(J,efL_cZ,l _1z=2] g
- z-2' |7 -2" . Z -7
+/ 5|\I’(9 ll,Z1)|2 ‘\If <0 _ | | _ ‘ |,Z//> T (0 _ ‘ |,Z’,Z”,w, \II) dZ//
w (J 0— 1z-2'| Z’) c c c
) c

we have:

dw (J,0,7)
S|U(0—1y, 7))

_ 7 R _ gl
- /w(J,G—|ZZ|,Z’>T(9,Z,Zl,w,\II)5<|ZZ|—l1> iz’
Cc Cc

z-7 |2 -2z" R z-7
+/w(J,0 || |,Z”)T<0||,Z’,Z”,w,\ll>
C C

C
. z_7 g
xT(0,2,7' ,w,¥)é <| | + | | —l1> dz'dz"
C C
‘Z_Zl‘ |Z,_Z”| 7
- - z
ow (J,9 c c 3 |Z*Z/‘ |Z’*Z”‘ 2

+ 5 U(6— - ,Z"

S|V (0 — 1y, Zy)| c c

. z-7
xT <e— g,z’,z”, 0,2,7' ,w,V)dZ'dZ"
C

which yields the series expansion:

dw (J,0,7) / |Z l)| N - ’Z(J Y- 20 (1=1) (1)
_ J 60— Z T!6-— —,Z 2w, W
5|0 (01, Z0)| Z ( Z 1 l];[l 2 ¢ ’

\_/
~>

Jj=1
(1-1) _ (l
x4 <z1 —Z’ZZ> H dz® (115)
=1
and:
Sw™1(J,0,2) / |Z l>| .
= J,0 — T (0,2,2M w, ¥ 116

SV (011, 20) Z Z 7)1 ( o ¥) o

n ’Z(l 1)_Z(l )n 1

( ()
xHT 0 — Z’ZJ noz ‘Z(l_l),Z(l),w,\IJ 5(11—2 ITdz®

1=1
with the convention that ZO) = Z and Zz(™ = Z1. We now use the static approximations (108) and (109).
Actually, the values of 1} (0, Z, Zyw, ¥) and T (6, Z, Z 1w, ¥) can be estimated for w~! (j, Z). Moreover, in
the limit of small fluctuations, @' (J,2), F'[J,&,Z,¥] and G'[J,@, Z, V] can be approximated by their
average over Z, denoted @', F'and G’. Moreover for @, both Tl and 7' can be considered independent of 6:
10,2, 2,0,%) ~ T1(Z,2Z1,@)
~o T (Z,2,) G
| _ Gel {12747

1( 1 >2+27\'(y
2\ 02X, o2
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12

10,2, Zyw, V) T(Z,2,,@)
KT(Z,7,) F'
_, F'[&T(2,2)dZ

W+ S
1( 1 ) 4 2ma
2\ 02X, o2

as a consequence Ty (Z, Zy,@) and T (Z, Z1, @) are functions of |Z — Z;| denoted T} (|Z — Z1|). As a conse-
quence (116) can be estimated by:

S (1,0.2) _ i/w(J,H—llazl)Tl (’Z—Z(I)D o

§[W (0 — 1, 2)]
(o) (oS
( 7y — i (Z(l—l) _ Z(U)) 1:[ dz®
=1 =1

and (115) is:

w -1 _ z0 L
5|£(9(J’Z7,ZZ)1)|2 = Z/ (Je Z]Zz ) l| 1>HT(’2(11)Z(UD (118)

n=1 =1

(=1 _ 70) n n1
<5 (ll _ Z M) w (Z s (Z(l‘l) _ Z<l>)> I] az®
=1 =1

=1

1.3.2 Estimation of (117) and (115) close to the permanent regime

1.3.2.1 General formula The series (117) can be computed by using the Fourier transform of the Dirac
functions:

ey = o ee-nm < (220 [T (- 20

=2

X exp (m <cl1 _ Z ‘Z(“l) AU D)
=1

X exp (i)\l. (Z — 7 — z”: <Z(171) — Z(l)>>> dAd )\ ﬁ ‘2(171) _ Z(l)‘zd ‘Z(lfl) — 720\ gy,

=1 =1

where the unit vectors v; are defined such that:
ZU=0 _ 70 —y, ‘Z(l—l) _ Z(l)‘
We also define

M. (Z — Zy)
)\1~Ul

|)\1| |Z — Z1| COS (91)
[A1]cos (6;)
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The angles 6, are computed in the plane (A1, Z — Z;) between the projection of v; and Z — Z;. The angles
¢, are defined as the angle between v; and the plane A\;, Z — Z;. As a consequence:

Sw=t(J,0,2)
51w (0 —11,Z1)]

(119)

= Z /w (J, 0 — ll, Zl) X Tlll ()\ —+ )\1.’01) d”Ul H/ T// ()\ -+ )\1.’01) dUl exp (Z)\Cll + ’L)\l (Z - Zl)) d)\d)\l
n=1 =2

= §(1Z1 - Z| - el Ty (‘Z S

)w(J,H—ll,Zl)

T! . n T .
+(=1)" /w (J,0 — 11, Z1) x Mdvl H/de exp (iXcly + M. (Z — Z1)) dAdA;
=2

n
With the convention that for n = 1, the product H is set to be equal to 1. The functions Ty and T are the
1=2
fourier transform of T3 H and T H respectively, and H is the heaviside function. Remark that the first term
of (119) expresses the Dirac function § (|Z; — Z| — ¢ly) as a Fourier transform:

exp (i/\ (cll — z": ‘Z(O) _ Z(DD)
=1

n 2
X exp (ml. <Z ~z -3 (Z<0> — Z<1)>>> drdA ‘Z(O) _ Z(l)’ d )Z<0> —zm ‘ o,
=1

Some terms of (119) can be written in a useful form for the sequel:

1 ™
5/ T" A+ M) doy, = 7r/ T" (X + |A1] cos (0;)) sin (6;) d,
0

1
= 7T/ T" (A + |M1]w) du

2 (T A+ M) — T/ (A — M)
2 | A1
T()\7)\1) (120)

21 (77 (A + M) =TT (A = [Ml)
2 {1
Ty (N [Ml) (121)

/ T (A + Ay.vy) duy

exp (i cos (01) |M||Z — Z1|) sin (61) [A1]? d| M| d6; (122)
exp (iu | M| |1Z — Z1)) |MP d M du

exp (Z)\l (Z — Zl)) d)\l

1.3.2.2 Estimation of (119) Using (120), (121) and (122), equation (119) becomes:

Sw=t(J,0,2)
S|W(6—1,2))

= E (—1)"/w(J,0—Zl,Zl) X T1 ()\+)\1.U1)d’l}1 | I/T()\+)\1.1)l)d1)l exXp (Z)\Cll +’L)\1(Z—Zl)) d)\d)\l
n=1 =2
Ty (A M) : /1 , 2
= — J0—1,7Z = Acl M| Z — Z1|) | A1]” d | M| dudX
/w( 0 — 11, Z1) x 1+T(A7|/\1|)exp(l cl) _16XP(W| 1| 1) [A]” d M| du
Ty (A M) , sin (|A1] [Z — Z4)
= - J,0—11,7Z = Acl 2 A1l ) d|A1] dA 123
/W(, 1, 1)X1+T(A7|)\1|>exp(zcl) |Z_Zl| | 1‘ | 1‘ ( )

o1



We remark that for even functions f, the following identity holds:

Feo sin (|M\]|Z — Z1))
A1) 2 Arld A
[ o2 =2 gy

oo exp (iz|Z — Z1|) — exp (—iz |Z — Z1|)
= T - xdx
Feo exp (ix |Z — Z4]) 0 exp (ix |Z — Z41])
T - xdm+/ -z - zdx
/O f() ’L‘Z—Zl| 7oof( ) Z|Z—Zl‘

Feo exp (iz |Z — Z4])
/ i@ i Z = 7|

xdx

so that (123) becomes:
Sw=(J,0,2)
S|W (0 -1y, 2))

= —/W(J79—11,Z1)><

(124)

T1 (A A1) A1
1+ T (M) ilZ - Zy
T (T{ A+ A1) = T1 (A= 1)) A
- L.z
/“(‘]’9 b 1)x)\1+7T(T’()\+)\1)—T’(A—Al))i|Z—Z1\
X exp (Z)\Cll + Z)\l |Z — Zl|) d)\ld)\

exp (Z)\Cll + Z)\l |Z — Zl|) d)\ld)\

Another simplification follows if we write T; as a function of T

A
TI A+ A1) = T} (A= A1) = 5 (T (A + M) = T (A= M)
Thus, setting:

u = )\ + )\1
A—A\
equation (124) becomes:

5w—1 (JH Z) Al / 7T(T/ (u)_ T/ (’U))
— = [ w( 011, 7)) X —
S (0 -1, 2Z) iA|Z — 7| ( b2) |+ 27 CW=T'w)

(125)

X exp (zg (cly + |Z — Z4]) +7j% (cly — |Z — Zl|)) dAid)

To compute (125), we study its two components independently:

Ay 7T (u)
A7 ] ¢ A (126)

X exp (% (cly + |Z — Zy]) + zg (cly — |Z - Zl|)) dudv

and:

Ay 7T’ (v)
m/w(l@— l1, Zy) x 4 27 (-] (127)

X exp (zg (cly +|Z — Z4]) + zg (ch — |Z - Zl|)) dudv

In the integral (126), we first estimate the v integral using the residues theorem. The poles are solutions of:

T (u) — T (v)

u—v

1+ 27 =0
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That is:
v+2rT (v) =u+ 27T (u) (128)

with v # u. In the gaussian approximation for the transfer functions, T () has the form:

2
T (\) = Aexp (—ul) (1 —erf (iv/vX)) (129)
and its derivative satisfies: )
T (\) = —V§T (\) —ivv

As a consequence of these two identities, the solutions of (128) are given by:
v(1—mT (v)) ==z (130)

with:
z=u(l—mnT (u))

To solve (130) it will be useful to expand T ()\) as a series expansion. In first approximation, one has (see
Abramovitz stegun):

Im erf

E: ioexp —k?) smhk\f)\ v,
™ s

=1

and:

Im T (\) ~ Af( fexp( ’\:)VA2>>0

as a consequence Im z > 0 and asymptotically, equation (130) reduces to:

v(mT (v)) = —2
that is:

(Arnu)? exp (-Mj) (1 — exf (iy/mv))* = 2°

Am\® 2
(55 o () =+
and the poles arising in (126) are given by the Whittaker functions Wy:
2 —222
=
n (Am)"n

for k > 0. They are approximatively equal to:

2 2u?
verdiy | = (In [ —— | +i(2k+ 1) 7
n (Am)"n
The terms involved in (126) can thus be evaluated at the poles. First, for (Ar)* << 1:
exp (>
Xp\ =7 4

V2u?
Amnexp <ln (W)) = \/ﬁu

for n <<'1

12

m | T (v)| A

1
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Asymptotically, for /2nu >> 1, this formula justifies our previous approximation v (1 — 7T (v)) ~ —vmn T (v).
For v/2nu << 1, the solution is v = u and there is no pole. Second, we have:

(H%(T'(u)—mv)))’

S T
_ 1427 (v)

and (126) becomes:

27TA1 (u—v) (u)
2. Az vl RULRUROES ea tioy

2 2u?
X exp i;‘(cll+zzll)¢n<ln<(m“)n>+z(2k+1) >|Cll|ZZ1| du

Note that for (Ar)®n << 1, we recover § (cly — | Z — Z1|) as neede in the lowest order approximation.
The second integral (127) is obtained by inverting the role of v and v. It yields:

27TA1 (u B U) T’ (U)
"2 Ajz- zn/ (10 =l 20) % o T T )

k#£0

2 2u? ) v

xexp | —| = [In| ——=— | +i@k+1)7 | (ch +|Z = Z1|) +i5 (clh — |Z = Z1]) | du
U] (Am)"n 2

and this can be neglected, since cl, +|Z — Z| > 0 and for (Ar)*n << 1 this becomes & (cly + |Z — Zy|) = 0.
Gathering the results for (126) and (127), we are left with:

SwL(J,0, Z)
510 -1y, 1)

B 2 A (U—U> (u)
= Az lzl|/ (10 =l 20) % S T T )

2 2u?2
X exp i;(cl1+|Z—Z1|)—$n<ln<(u>+z(2k+1) )cll—|Z—Z1|| du

(131)

Am)’n
Ulitmately, some simplifications can be performed on (131). Actually, we have the following identities for T

T (\) = —gT(A) + <y;> T (\) + Ai (ﬁ)‘”’%

v(l—mnT () = u(l—mT (u))=u
™mT(v) =~ v—u
and this two equations imply that, for A (\ﬁ)3 << 1:
1+27T" (v) (132)
v v

= 1—-mT (v)+27 (n5)2 T (v) + 27iA (y)° 3

o~ (vu)(lJrﬂ'm)):i(vu)\/gC
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where C' = \/(ln (%) +i(2k+1) 7r). A consequence of (132) is that:
12T (v) 1
u—v T am/2nC

Moreover, for (Am)®n << 1, the function T’ (u) can be replaced by the multiplication by z%_zl‘ We
are thus led to rewrite (131):

Sw=t(J,0,2)
S| (011, Z1))

(133)

A (cll+\Z—Zl|)/ T (u)
= I w OJ(J,G ll,Zl) X W

k0

2 2u?
X exp i%(cl1+|Z—Z1|)— 77(111(( u

2) (2 + 1)7r> ey — |Z — Z4]| | du
Am)

A
TE(12 - 2|1, @) w (1.0~ b, Z)

Remark that, for (Ar)*n << 1:

2 2u? .
; <1n ((ATF)Q 77) +i(2k+1) 71')

2 2u? )
xexp | == (In| ———— | +iQRE+1)7 ||ch —|Z — Zi]|
Ui (Am)"n

~ §(clh—|Z— 7))

so that one recovers the first order term.
For (Am)’n << 1, E(|Z, — Z|,1,,®) is a function of |Z, — Z| written E (|21 — Z|,@).
Finally, the sum in (133) can be estimated in the following way:

2
Zexp _ |2 In 721&2 +i(2k+ 1) | |ch — |Z — Z4]]
U] (Am)"n

E#£0
2 2u? 2k +1
= ) exp|- 1n<“2> 1+z(7+2)7r|cz1—|z_zl||
0 T\ In (257)

2 1
e [ o (c\/jﬁ T ey — |7 Zl|) dn
0 n

12

™

2 1 . .
= % Re/ exp (C\/§ (14 2%)" exp <; arctan (x)) lcly — | Z — Z1||> dx
0 n

with:

The upper bound of the integral is set to 1, in agreement with our approximation In ( i ::)22»7) >> 1. It
amounts to neglect the poles for £k >> 1, whose contributions are decreasing quicly with k as given by

oscillatory integrals of frequencies proportional to k.
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By a change of variable, the last integral is also given by:

V1+2

™

and we are left with the estimation for the first vertex:

Sw™1(J,0,2)
S|U (0 -1y, 7))

- A1 (Cll+|Z7Z1D T(u)
== I 2|Z_Z1/W(J,911,Z1) X \/%Cdu
k#0
2C? ! 2 v?
- _ — 1 2 ; _ Z_Z 1 2 -
- Re/0 exp( C\/;( +v —|—w) lely — | 1|) (\/ +v —&—m

2 2 1 2 2
iRe/ exp(—c\/;( T+ ) |cz1—|z_zl|> (\/1—1-112—1— o )dv
0

(134)

1.3.2.3 Gaussian approximation We can estimate the integral fol dv in (134) by integrating between 0

and +oo.

2 +oo
£Re/ exp <—C\/z( 1+U2+i'l}) cll—|Z—Zl||> (2\/1—!—1}2— !
0

™ 1/14,1}2
202 oo 2 1

_ v oA 2. 2 _

= = Re/o eXp< O\/;(,/1+v a—Hvb)) (2 14w 1+U2)dv

with a = b =|cly — |Z — Z1||. The last integral can be rewritten:

2 2 202 +oo 2
—6‘1+C\/7/da iRe/ exp (—C\/> (\/14—1}2a+ivb))dv
c\/% n m 0 n
2 o0
= — 20a +C g/cla gRe/ exp | —C 2( b2—|—v2g+iv) dv
C\ﬁ n b 0 n b
n

2

12

for a ~ b << 1. We use that:

2 )
_ [ %% +C\F/da 2 Re /-2 Kk, (20 a(a“b)>
C\/% n T a+1b n

where K is a modified Bessel function, and that the following identity homds for Kj:

Qa- & (20 a(a + ib) N\/ Qa- I exp [ 20 a(a+1ib)
a—+1b n a+1b 40, | #latib) n

n
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55/%]4-6'\/3/6&1 27TCQRe/O+OOeXp (—C\/z(— ((a—|—ib)v+;}))>dv

C%+C\/3/da QWC;Re/O*%Xp (—C\/g(— <(z+i)v+;z>)>dv (135)

(136)



for C >> 1. Then computing the integral [ da in (136) yields:

\[/ \/E\/ “(“*‘b) (_ 2a + ib ))exp<—2c a(a—H’b))

_ 2a+1ib

= (atib) /g la+ib "
2a
a+ib a(ati
N \/ + ( + b) ( + ’Lb)
- e 2a+zb €xp 7
2 (a+1b)

4C, /ﬂ a+tib i
= —2yma+—7"1—— (‘ Sl exp [ —2C alatib)
2a + b n

for C >> 1. For a = b, this identity reduces to:

[ () s

The derivative arising in (136) can be estimated by:

20, \/ 2a I . o0 @ (a+ 1ib)
_ : «p | — ATy
C\ﬁ a+ b 4C a(a+ib) P n
n V oo

- _% (2_)02/&; eXp( ? 1HC\/7) (1+2i)((1+z‘))3n\/‘:72—(12—4z’){*/Wca“')

OlE=

) (_Z) v e (-2/F0e,/2)
s\ \2 C2a®y e

1

( (12 — 47) mcff)

OME

g <; B ;Z) o <_2 ;T)OQ) ((12 —4i) /(1 +i)) (138)

Gathering (137) and (138), we find that for C >> 1, For a = b = |cl; — |Z — Z1||, we find for (136):

1 exp (—Ms(g) lelh — | Z — Z1||)

o2 130<1>4 2%cos(g)0|l Z- 2|
— COS Cl1 — —
501 \V2 |czl—\\/§—zl|\ NG ! !

28/ V2+1c
S BVVRRIO g |7 7
\/65¢§6Xp< i =12 = 2] w (23\/\/%10
S

Il —|Z - Z
NG Clhi—1Z-71]] gl 1||)
NI

= (C?

In the sequel, for (A7r)2 n << 1, we approximate:

C = ln<2uz>: ln( 22>
\l (Am)"n (Am)™n

57




Finally, the integral over w in (134) is

T 1 . [c Z -7
() exp(i%(cll—HZ—Zﬂ))du: T(Cl+| 1>du

vne vano 2

so that, using that

~ Cl1+|Z—Z1‘ - A1 ~ Cll+|Z—Z1‘
Tl( 2 >_AT 2

The result for (134) is:

Sw ' (1,0,2) V65 &P (=D|cly — |Z — Z4]])

S|W (01, Z0)" 5 /m0d (V2+1) Th T2

(Cl1+|Z_Zl|)T Cll+‘Z—Zl|
202 -7, ! 2

cos(D|cly — |Z — Z4]|)

[N

where:
28V/V2+1C

b=

We also write this result in a more compact form:

ow(,0,2) A

E(|Zl Z|,ll,w)w(J,9—ll,Z1) (139)
5\\11(9—11,21)\
for ‘Zlcl Zl 1, and 0 otherwise, with:
_ ~ V65 Dexp(=Dlcly —|Z - Z
=22, - Z|,l,0) = - . p(=Dlch — | 1||)cos(D|cll—|Z—Z1||) (140)
5728 (V2+1)° VDlely —1Z — Zi]|
(Cll+|Z_Z1|)T Cll+‘Z—Zl|
217 — Zy| 2
Similarly:

dw (J,0,7)
S| (011, 21))°
The appearance of the cos (D |cl; — |Z — Z1||) in (140) is a consequence of our approximation computing the

integral between 0 and +oco. This approximation breaks down when the cos function becomes negative. As
a consequence for D |cly —|Z — Zi|| > §, we can set 2 (|21 — Z|,11,0) ~ 0.

:E(‘Zl—Z|,ll,@)w(J,9—l1,Z1) (141)

1.4 Computation of the 2n-th Vertices in (107)

1.4.1 Second order vertex

Sw=1(J,0,2)
5| (0—11,Z1))%"
higher order terms involved in (107). We first compute the 2-th vertex is given by:

21 <v9"23v9)+1 5[‘“ (0,2) Vo (w*l (J,e,mf\?)\p(e,z)ﬂ

2 2 5|\p|2

The two previous paragraphs computed the firt order derivatives This can be used to compute

‘\I/(Q,Z)|2:QO(O,Z)

- % (Ve Ve) ; (Vo (W™ (J,0,G0(0,2))) +w*(J,8,G (0, 2)) Vo]
(o) [ )
0=0' 5w

1%(0,2)|°=60(0,2)
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and given the results of the previous section, it writes:

_ (vg w) + 3 [Vow™ (1,6,2,60)]

1\ 2a 1 Ay _ ~
+ <02XT> +§_U2Xr gO(O:Z)/A (121 = Z|,l1,0)w (J,0 — I1, Z1) dZydly

12

(vg v9> 1[ng’1(J,0,Z,QO)V9]

at the lowest order in perturbation theory. The inverse frequency w=? ( ,0,72,Go (0,2)) is solution of:

w(J,0 -2 Zl'Z
J@Z)
—1 _
(1.0,2) = G|J(0) / (Z,71) 5 (J0.2) W e leZ)
T(Z,
asd

where we used (96). Recall that in first approximation, that will be used to compute higher order vertices,
the solution is the constant:

Go (0, 21) dZy

7w J@—MZ W( w(J,0,2) )>le
1

_1z- Z1\

12
@

(142)

%( )—i— Zaw (J,0,7)

(Z,77) 1)dZ
w N (J(0),0,2,G0(0,2)~ X, =G | J+ N/ ) !
\/ % + S

where J is the average of the external current. In this approximation, the 2-th vertex writes:

(vg w) ;[ 1 (Goz (0,0)) Vo] = — <v9 vg) %X vy

and the associated Green function is (96):
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We conclude by computing the derivative of the functionals 7} (0, Z, Zyw, %) and T' (0, Z, Ziw, ¥) (112) and
(114) arising in (113) and (114). They will be useful to obtain the higher order vertices. We find:

6T1 (97 Za lea |¢[|2>
5|V (0 — 1o, Zo)[?
1 %T(Z7Z1)G/ [‘]7(“-]’07 Z?‘\I/|Qj|

w(10,2), <“3w (101220 2) |w (o - 221 21)

Inw! Z)
_ dlnw™* (J,0, )2T1 (Q,Z, Zhw, |‘11‘2)
5 (0 — Ly, Zo)]

2 2
T(Z,2") de) G [J,w,e, Z, || ]

51In G'[J,w,0,Z, %] 2
SOz ) 1 (97 Z, Zyw, |V )

+1— (f]'f,w(J,G—Z_CZ",Z’)‘\I/(H—lz_CZ'7Z’)

. . Z -7
#11 (0,2, 20,0 19) 0 (10.2) T3 (0.2, 20,0, |07 0 (10 12 22)3 (1 - 2 221)

c

_\Zfz’\ ,

6w<J,c9 — 7 zZ—7z

5 V(- — 7
0| (0 — 1o, Zo)| c

2
T(Z,2") dZ’) el {J,w76’7 Z |\1/|2}

2T (9, 7,7 w, |\11\2) a7z’

+T1 (97 Zazlawv |\Ij‘2> W(Jvev Z)/

5T (9, Z, Ziw, \\1/|2)
S|U (0 — 1y, Zo)|

SInw=t(J,0,2)
S| (0 — 1y, Zo)|

- Tl (evzazhwa‘l/)(

§InG'[Jw,0,Z,|9|?]
S| (0—12,22)|?

|Z7Z/‘ ’
wl| J,0—1— 7
K ’ e’ Z—7Z'
1— (fN(w(J,G,Z)>’\Ij(0_|cvz/>

Slnw=t(J,0,7)
S| (60— 1o, Z5))?

+

2 2
T(Z,2"Yd7" | ¢ [J,w,ﬂ, Z, ¥ ]

+T1 (Q,Z, Zl7w,\I/)

6InG'[J,w,0,Z,|%|?]

2
ez << G [J’waea Z, |V }

In the limit of small fluctuations around an equilibrium frequency wyq,

SInw=t(J,0,7)
S| (0 — 1o, Zy))

5T (9, 7, Zyw, |\11|2)
S| (0 — 1o, Z5))°

~ 2T, ((9, 7,7, w, \\IJ|2) (143)

with:

60



5T (9, 7, 21w, |qf|2)
S| (6 — 1o, Z5))?

20 (J,0,2)T (2, Z)) F' [J,w,e,z, |\1/|2}
w2 (J,0,7) + (wa(JQ_WZ)‘( LCZ,I’Z/)Q
_ ( 5lnw(J,€,Z)2T(97Z7Z1w’|\1,2)>

T(Z,2) dZ’) F [J,w,e, Z, |fo|2}

0¥ (0 —la, Zo)|

oo 21 2) 251
) 2
W2 (1,0, 7) + (f o (10— 2221 77) |0 (s - 2221, 7)

§1n F'[J,w,0,7,]
w? (1,6, 2) WT(Q’Z’ Ziw, ¥)

2002+ (I 50 (10— 522 [o (0~ 12221, 2)

+T (9, Z7Z1,w,|\11\2) V(J,0,2)T (0,2, Za,w, W) w (J,0 — s, Zy) 6 (zz - |Z_CZQ|)

2

T(Z, Z’)dZ’) F {J,w,e,z, |\1ﬂ — W (J,0,2)

T(Z,2) dZ’) F {J,w,&, 7z, |\pﬂ

+

T(Z,2') de) F'[J,w,0, 7,7

2T (9, Z, Z/7w,|\If|2> A

A 5w<J,0 |2-2] Z> -
+T (9, Z7Z1,w,|\ll\2) w! (J,@,Z)/ ’\p (9— ,Z’>

50— 1y, Zo)|? ‘
_ 2( dlnw(J,0,2) T(G,Z,Z1w7‘1’|2>>

5|0 (0 — 1y, Zy))?

<f§w<J,9_Z_CZ/7Z/)‘lI/<9 |Z Z/| Z/)
’ ! 2
2 (10.2)+ ([ o (20~ 252 27) w (0~ 521, 2)

2
e e T(e, Z, Z1w, | V| )

00,2+ ([ o (20~ E522) o (0- 2228, )

2

T(Z, Z’)dZ’) F {J,w,Q,Z, |\IJ|2]

T(Z,2) dZ’) P [J,w,ﬁ, Z, \\Iﬂ

w?(J,0,2)
+

T(Z,2") dZ’) F [J,w,Q, Z, \\Ifﬂ

. . §InG'[Jw,0,Z, 8T(6 w
For relatively high frequency, w? (J,0,2) > 1, F'[J,w,0,Z,¥] << 1, M << land #&ZJ‘/Q)

can be discarded in first approximation.

1.4.2 Computation of the 2n-th vertex

1.4.2.1 Expression close to the permanent regime

n, —1
Close to the permanent regime, the 2n point vertex contribution M can be computed using

[Towe-1.20r
i=1

(116) and neglecting the derivatives of T 0,Z,71,w,¥). We assume that we have ranked the derivatives
such that [y <y < ... <l,. An other simplification arises. Considering the vertex:
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V= 1 /\Iﬁ(e,Z) 5" [f\PT(Q,ZBLVQW—l(J,G,Z)\Il(&Z)dZd@] (144)

[To1w© -1 2P
i=1

< [T 1w 0 —1:, 2) v (0, Z) dzdo
(0,2)[2=Go(0,72)

"t (1,6, 2)

[Iomw -1, z)?
i=1

_ m/qﬁ 0,2)V, H|\11 1, 2|2 dZ:9 (0, Z) dZdddl,

[¥(0,2)1?=G0(0,2)

n, —1 n n
2711 /w Go n5 W (J,6,2) 111w -1, z)P [ [ dz:dzdedl;
H5|\If — 1, Z)? i=1 i=1

1(0,2)|?°=60(0,2)

As for (107), we can neglect the second term, so that Vs, reduces to:

1 (5” 1 ,1 J 0 Z n—1 2n71
2(n—1)! 1:[(”\11 Z))2 =L i=1

The neglected contributions will be reintroduced in Appendix 4.

1.4.2.2 Estimation of (145)

n —1
The 2n vertex contribution # can then be computed recursively. Assuming [y < o < ... <,

H5|xpe 15,2:)

and using (139) and (141), one has:
§S"w(J,0,2)
ﬁm; 6 —1;, Z)|
- z(‘* w) Y Yy
3

k=1 11 <12<...<ip<n, My ip,1 <o <lp,mps

U{ipaip,lw--ﬂ:p,mp}:{17---7"}

l

k
XE(

The %7?3 factor amounts for spherical symetry in 3D, @ is the average of w (J, 8 — l;, Z;) over variable Z; and
I3 comes from the integration on delay .

Z) i, @) E(|Ziyy — Ziy|  lipy — liyy @) ..

P

Zigomy — Zi,,,mp—1‘ gy = i, —1,@ ) (J 0 — lzmnp,Zz)
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Then, the 2n vertex writes:

n—1 n k
Vo =~ WH(0,2)V [[1W(0—12) Y & 3 [I=(s0.07.]2 ZDE(JQ 15—,
=1 k=1 Us {l(w)} {lyelny =1

}
= (J,e,z@ 19|z - Z]gjf?_l‘) w (J,9 —1), 7 ) (0, 2) dZdd

H @ (0 — Ui, Z:)[* Van (i, Z:) W (0, Z) dZd0
The dominant term in the sum is:

—\I/TQZ W (0,2) H|\1/ — |V2n(ll,Z)>

U (9,7) H|\I/ - E1(J,0,1,1Zi — Z))w (J, lmZi)>

1R

41:* 0,2)V

W (0, 7) H | (6 — 2, (J,0,1;,|Z; — Z|)> (147)

—\I/TQZ (xyez H|\1/ — 1, Z;) El(J,G,li,|Zi—Z|)w>
0 —

where @ is the average of w (J,
Z.

Z;)on variable Z;. This represents the vertex of valence n issued from

Appendix 2 Computation of the graphs expansion and generating
functional for correlation functions

We compute the sum of graphs involved in the partition function with source term, i.e. the graphs deduced
from the.interaction terms (147). This is done in several step. We first give the general form of these graphs.
Then, we compute the factors arising from the vertices (147). This allows to find the full sum of graphs,
that is, the generating function for correlation functions, then the sum of connected graphs, and ultimately
the one particle irreducible graphs, which yields the effective action. The computation of the graphs is first
performed without inertia coefficients, i.e. without considering the potential and setting ¢ (k) — 0. These
coefficients are included in the computation subsequently.

2.1 Case of null inertia coefficients (
2.1.1 General form of the graphs

The 2n-th point vertex I's,, contribution to the effective action is obtained by considering any 1PI graph
made of arbitrary number m; of vertices Vay, (I;, Z;) defined in (146), where k; < n. Those graphs have no
loop drawn between two legs of any of the vertices (these contributions are already taken into account by
the expansion around Gy (0, Z)). They have ), m;k; — n segments.

The absence of internal loops implies that the graphs associated to I's,, are made of n paths P; with
lp, segment and: ) lp, = >, m;k; — n. The segments are connected by the vertices Vay, (I;, Z;). The
contributions associated to these paths are products of 2 points Green functions. In the approximation of
constant Gy (0, Z) = Gy (0,0), the contribution of a path with k segments and of total length L between two
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points 6; and 0 is:

(Vi) )

arctan ((}% - X%,) J + Go (0, 0))
J +Go (0,0)

The quantities .J, X, Gy (0,0) are the averages along the paths, since we sum over 6 along the paths. These
paths are connected through the vertices Vay, (I;, Z;) of valence k; < m. These vertices connect one path
at some time @ and k others at time 8 — [; with + = 1,...k — 1. To compute the sum of connected graphs,
we have to add the graphs associated to all possible repartitions of vertices Vo, (I;, Z;), k; < n between the
paths P;. Each of this graph has to be summed over the time of insertion (i.e. 6, 8 —I;) for each vertex.

where:

X, =

To perform this computation, we consider the graph made of n paths for the points Z; with kl(i)vertices of
valence 2] with [ =1, ...,n issued from the i-th path.
This means that the total number of segments of this graph is:

i ! Z kY —n
=1 =1

2.1.2 Factors due to the vertices

Equation (147) shows that the vertices issued from Z; induce factors of the form = (J, 0,1, |Z; — Zy|) +
VoE1(J,0,li,| Zi—Zk)
Go

, and a factor:

\V/ 0,0'.7 2
= (THEN) () ) won
0=0'

02X, o 02X,

due to the insertion of %\IIT (0,Z) VoW (0, Z) except at the final points of the graphs. Indeed, in:
1 n—1
5xIﬁ (0,Z) Vg (\1/ 0.2) [T 1w 01, 2)? 21 (J,0,1, 12 — Z|)>
i=1

the gradient Vg |¥ (6 — I;, Z;)|* induces a nul contribution in the Green functions since:
Vo (Go (01,0 —1;,72)Go (0 —1;,02,2)) =0
The insertion W (0, Z) Vy¥ (6, Z) inserted between two points 61 and 6, yields terms of the form:
(VoGo (01,0,2)) Go (0,62, 2)

that results in the presence of the term —G{, (2) = (J,0,1;,|Z; — Z|), where G} (Z) = Vg (Go (61,0, Z))g,—0-
On the other hand, the term Gy (Z2) Vo= (J,0,1;,|Z; — Z|) with Go (Z) = Go (0,0, Z), has to be added and
the overall vertice yields a factor

[1h

=G4 (Z)E1 (1,0,1:,1Z; — Zi|) + Go (Z) Vo1 (J,0,1;,|Z; — Zy|) = VeGo (2) E1 (J,0,1;,1Z; — Zy|)  (148)

sake of simplicity.
We consider the contributions of graphs without external legs. These ones are reintroduced ultimately.
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At a final point of graph Q(i), the insertion of %\IJT (0,2) VoW (0, 7) induces a term V). There is an
overall factor of (—1) for each vertex, that can be accounted for by inserting rather G{, at each vertices,
except the initial one that includes a factor —Ve(@.

The >, k:l(i) vertices of valence [ are associated to a factor W due to the development of the
i :

’km)

exponential. There is ways to distribute these vertices between the n points. Once k,(i) vertices,
T |
[l =1;...,n are attributed to a point ¢, there are (27:1 kl(i))! ways to order in time these vertices.
The factor associated to a vertex of valence [ issued from i at time 0 is
Egl) (Zi’ e(i)v {Zj}f' ) (149)
0 — 9 [
Zék{ll, Y Bl ] _ s 1wt (J,Q“’), Zi>
_ _ /\IIT (9@), Zi) Voo v (9“), Zi) a7
i (i ?
(v 3%) Tlole (99 1.2
L i=1 [¥(0,2)|>°=60(0,2)
08 — 9
ék{ll, ,]:i 11]]i 1]:II‘Z _Zk (5l71 fw_l (J, G(l)7 ZL) le
~ 7 Vo Go (%) 1 ;
2 i
(o) ) o Tl (01,2
L i=1 412(0,2)1?°=60(0,2)

with the convention = _1 (Z“ 0; AZi}; 2 ) =0 for n = 1. We also use the same convention as for (148): for
any quantity X, Vy»Go (2) X =G (Z2)Vyy X + G( (Z) X
The propagators induced by the vertices has beeen included in the definition of = "( ) (Zi, H(i), {Z; }j#>.

The functions depend implicitely on the border of the timespans [95{ ),GEJ )] Actually, the integrations

J

o _g(Fs)

dly; induces the presence of products of Heaviside functions H (0? — 9§kj ) _ _CJ)

Z"’*Z"j'

c

2.1.3 Sum of graphs

We first start by computing the full sum of graphs without external legs and arising from all combination of
vertices between n initial points and n final points. The factors associated to each vertices have been found

in the previous paragraph. The l 1 k:l(i) vertices implies the integration over Hgi) < 9(1i) < .09 o < 9( 2

of the product of terms = "(l ) (Zi,H(’), {Zj}j#) forg=1to > ", kl(i). The number of I, equal to [ is kl
Once an order [y,ls, ... is chosen, there are H kl( )| ways to order the vertices satisfying this order. Then,

summing over the various orders [y, 3, ... and over the kl(i) such that ;" ; kl(i) = m is fixed, the global factor
associated to the vertices is:

m

’ 0} 0 (i) _ (i) @) _ p@Y 7900
/05”<6Y)<m6w<9(f“ E(zl: (269,42, }m)> (0 — o) o (08 — 61 ) a6 (150)

The delta functions accounts for the fact that without external legs, two vertices are set at the borders of
the interval. If we approximate ), =3 =0 (ZZ, 9((; AZ; }Hél) by its average on the interval {952), 9;2)}, that is:

0% =(l
fgéc) 2 :g)( i 0 q ’{Z }J;éz) d9(
(2) (2)
6\ — 6!
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the sum of vertices for a pair of external points, denoted i becomes:

f9< S (200042,),) a0 6 (017~ 01") 6 (05 — o) T a0
a=1

95‘}) _ 91(1) 01" <0(" <..0%) <ot

The contribution of i to the graphs is obtained by convoluting this quantity with the free propagator on the
left and on the right and adding the free propagator. The convolution by the propagator on the right and

on the left is:
=) i) (4)
ZZ,H AZ; do
[ o z) [ LB 2
; o7 40

@) g 5 (90 _ gD TT dog@c. (9@ @
X /9(1) RO 9“)5(95 0;)5(95:30;,)1;[1(195990 (08,00, 2

0% (0 0 "
NG Zl =1 (ZZ,H AZ;} >d9 m
0 % 7 (g (9 o0
/g ’6"’)’Z> /(i) Do g g (i) _ (0 Hdﬁq)go (01 0 ’Zi>
6, <0,7<..0, <O 9m - 91 g=1

(9 o)
) oo,

Jogs 20 (B0 120\ @) ] ;
1 by its average over [92» 05 } it becomes:

Replacing pomng
=( i i " % i
f & Zl v (Zi’a( g {Zj}#i) o " P (_Al (9;) — 0} )))
/ 9?) — 95” o<V <00 <6l 1;[ Az
0% " exp (—A1 (Q(i) - 9@)>
_ l) (@) @ U
_ m'< . Z~1 2,0 {25},4,) do" ) e
where we write:
o) n
=0 (7 @) , = 5 (@ (@)
/. D= (2009 20),) = B (22000 07) (151)

n
=(l i i
- > & (s da )
=2 {k1,....k }C{1,...,n},k;#i
Then summing over m, adding the free propagator and performing the product over i = 1,...,n yields the
sum of graphs for the n paths between n initial points 92_3)7 Z\) and n final points 953)7 ZW).

out

vi m
I 60 (5200 2) - 5 & (2o (2 000
out

= II(t+ /i(l) (eXP (él,n (Zi7{Zj}J7ét’9£Z ’ei)) _1) %

i

exp (—Al (E?:l e;j) - Z;‘L:l ez(‘j)))
X An
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where VZ% are understood to act outside the terms in the expression and with:
f

2
s 1 2
A = — - -
V2 (U2XT> * o?
1\ 2« 1
A = - -
! <02XT> * 0?2  o2X,

and the full sum of graphs without inertia coefficients and an arbitrary number of external points is:

out

v m
SIT{ 00 (90 2) + | G- 3 g (B (7 b 000))" ) | 092

m>0 "

out
_ H 1+ 25” (exp (él,n (Zia {Zj}j;éi ,@Ei),ggf))) N 1) %

%

exp (_ A (ZL 0y -y, 9§j>))
An

X

For later purposes, we can rewrite (152) in two alternative manners. First, we can keep a propagator in
factor. In that case, the sum of graphs becomes, for m > 2:

0 . .
(@) (@) fo?; 2 :(1) (Zi’e( g {Zj}j;éi) o

@ g 5 (00 _ 0D\ TT a6 D a0Dc (69 0@ 7Y 2
X /9 5"f)<9§i)<m9%)<9?5(191 o) 5 (o5 af,)qli[ldoq a6)Go (6,60, 2:) o]

0 — = i i
fg({i >, &Y (Zu@( ), {Zj}j;éi) do

_ @) o) =0 (0@ [ ;
/ Go (gf ’0m’ZZ> /e<.:'><e;i><...es,a><ey> (21}1 (Z“e" ’{Zj}j’”)> 9 _ g

X ﬁ e (95}'), o\, ZZ-> o'}
q=2

m—1

) f‘g(;) 2 :g) (Zi,a( ), {Zj}#i) g
(@) _ p(@)
07 — 6

~ / (Z égl) (Zi,gl(-/i)a{zj}j;éi)

l

(i) ﬁ dafj) = (_Al (0?) - 95?‘))) Go (9(1') 6% Zz‘) del('f)

<[ 0,6
) ) ) (A A
05 <08 <000 <08 25 A

and for m = 1:

_ (1) _ p(i)
[520 (1, D 002
1
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Adding the free propagator yields for the sum of graphs:

out = ) ; ;
Vot fe(” Zl % (ZZ-,G( )v{Zj}j;,gi) dﬂ()

. , o) ~ A
ZH/ 0 (9?) — 95»,”) + Gei’,ol (Z Egl) (Z@yel(',l)7 {Zj}j;éi)> exp 9?) 0 (a53)

l

X

(@)
eXp( A (z -0, )) o (97(/’917 )dg(l

Second, we can also factor two propagator, on the left and on the right, and this yields the following form
for the sum:

out

v
ST / Go (00,00, 2:) | a7 (017.00) + G() (Z”“ (260421, ¢)> (65 — 6 Y154)
n i 0

l

vout
+ (;(/) (ZEgl) (vaagl)v{zj}j;éi)> (ZH(Z) (Zlvef' 7{Z }J;ﬁl))

! 1

= 1) i i

f9< ) Zz % (Zi,, 01, {Zj}#i) do
(1) (7)
0y — 03

exp Go (95} 09 7 ) a6 do)

2.2 Inclusion of inertia coefficients (
2.2.1 Series expansion of classical action

As presented in the text, the effective action may be modified by including both inertia in frequency change,
through a potential for maintaining and activating of new connections:
A ?
[¥0.2) (%0 10).0.2.60) v 0.2)- L (w w.2) | (0~ 222 2) )
c
+Z /|\IJ€Z w(g- 12224l 4 : (155)
2 ' c 9, K3

2 —1 2
Z —7;
\If<9—|Z7Zi> )
c

1 = 1 E
= —5v(0.2) <V902V9 ~w (10,2, |\v|2)) V.24 3 g / ¥ (0, 2) (H

n 1
i=

1

=1
with:
(W= ¢, l>2
@ = GG
C(l) —

The second term represents the limitation in increasing the number of connections. This amounts to shift
the vertices by +(,. The factor —(; accounts for a minimal number of connections maintained. It depends
on external activity J.

The first terms modify the 4-th vertices by —(;. We write H( ) (Z;) for = ~(l) (ZMQq), {Zj}j#). The 2

points propagator is modified by replacing o with:

1 C(k)
a+2lekAk 1 :Z(k_l)!Akq

k>2 k>l
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To obtain the contribution of the potential to the the vertices, we

which modifies the values of A and A;.
proceed as for the frequency. The vertices involved in the 2n points correlation function are given by an
- 2
Z -7,
H | Z| ) ZZ) )

expansion of:
[e%S) 1 ) ) k—1
> ome® [1wie.z) (i_l v (o- 22

of order 2n. The 2n vertex is then

)

[[s1w 2
Similarly to the derivation of (144), we decompose the vertex in two parts. One comes from direct interac-

tions, while the other one corresponds to the backreaction of the n points on the system

n—1 2

Z —7;
’“>/|xpaz - 0 qz(e—”,zi) )
n- c
Moo
\1:

2

[T1w ;2

j=1
1w (0;,Z;))*

oo n k—1
( 5 ( \p(e 1Z -z Z|

. _

N Z%!Cm/go 0,6, 7) : ]:[1

h=n HM‘II(QJ Z;) =
j=1

] (QZZA,ZZ,)
c

5n o] k—1
g<k> W (0, 2)] (
(S Il

[©(05,25)1?=G0(0,Z;)

k=n

n—1

H (0.2

(’ﬁ

i=1

_QO(O Z )

n

=~k ¢ = Z -7 A\
= meck—l Ak—n/|‘1’(9az)| I[l N4 9—7,21'
(k) |Z = Zi| Z\
+Z lec /go ( ’L
1 1 (W \Z — Z;| 2
2n—1!Z 'Ak"/‘\yez <6_ c ) Zi
(156)

Go ( eez c(’” |Z—Zz-| i
o e e e (0 25
i=1
The inclusion of the first term of (156) in the graphs expansion is straightforward. In terms of vertices
l
C(l)

l =1
V(2) =502 -

and given the overall —1 factor for each vertices, the introduction of the ¢ ) amounts to replace

[1n

n have to be replaced with

With respect to the computation of graphs with n vertices, the terms ¢
(k) (k)
S oT A o S T S
¢ k! R Ak (k — 1)1 A=
k>1 k>1
slowly varying and A >> 1, this is approximatively equal to ¢ ). We keep the notation ('’ — ¢ a
The second term of (156) corresponds to the backreaction term that can be neglected at first. It will be

For C(k)

reintroduced later.
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We note that if we write the potential as:

[rwe.zrv([er)
the second term of (156) writes:

/go 0,0, 7) ‘WZ sl -V (/\If|2) (157)
1z

(o 5.2)

2.2.2 Computation of full sum of graphs

_c®
The computation of the sum of graphs without external legs is the same as before, the vertices are Alc T +

out
)

— . ( ) —
Egl) (Z;), except that the last vertex among the m = ;" klz) is replaced by AC Egl) (Zi) Zf . For a
particular [, this induces an additional factor kl(i). The >, kl( D remaining vertices are time ordered as

previously, and we find the contributions for the graphs with 2n external legs:

O =) i
Dm0l fo(><9”< o5 <0l? H (Zl (Al< ! ( ( Z’aé)’{zj}j#)))deé)
I+ Tt
i ¢ o) =)
X Zl — AT + A =1 Z’iy ema {Zj}j7£i da‘m

n

xA"exp | —As | D0 — znjagf')

158)

j=1 j=1
We define:
é1,11 (Zla {Z } 752305 )30( )> - E1,n (Zu {Z } ;51395 )70( )) En (95;) - QEL)>
n ¢® (Q(i) _ 9(%‘))
_ 20 (i) f g
S > (742} 0000) - L )
=2 {kq,....ki—1}C{1,....n—1} k; #i
and: . ) . .
C( ) B ot C( )
=2 2 A= 2O
1=2 {k1,....ki—1}C{1,....n—1} k;#i 1=1
For example:
@ _ ®3) 2
Go= b= S + 35
A A A
If we express C,, as a function of the initial set of variables (V) we have:
()
- i Zk>l %% - 1 C(k>
B | 2okl (k—DIAF-T !
Cn _ZCH Al-1 _ZCWZ (k —I)! Ak-1
=1 =1 k>l
so that: *) @ ®
> I < ¢ I ¢
Gy = Z = A

k—2)I AT~ A 2 k2 AR
E>2 k>3
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and:
C(k)

_ 1 (W 3
(3 = ZmAkfl +ZMA’“’1
k>2

k=3

@ L L
= A +3kz>;)(k—2)!Ak*1+kz>;(k—3)!Ak*1

_ (N Sup (1, (k - 3)) ¢
= B AT T (k — 2)IAF-1

k=3 =

We will assume that ¢, < 0 and ¢,, > 0 for n > 2. This is possible under the conditions:

Lo [ (O 5~ Sup (L (= 2) ¢

> < >
_ k—1 _ k—1 _ k—1
k}g(k 21 A A k/g(k 2)1A = 3(k—2)IA
that are satisfied for a certain range of the parameters, since:
o Sup (L (k- 2)) ¢ y ! <M 3 Sup(l, (k- 2) - 3) ¢
3(k —2)IAk-1 (k—2)l Ab-1 3(k —2)IAk-1
k>3 k>3 k>3

is positive for ¢®) large enough for k > 5. Replacing the terms Ein (Z,;, {Z, }j# , Ggi), 05@) by their average

over the timespan 953) — ng):

2 (7 @ o)
. {Z;} <H1’" (Z“{ZJ}#Wei 0y )>0‘f”—e<i>
Ein (Zi: Zj j;éz’) = (@) (4) )
0; —0;

ot _cD =(l i i
By (S0 585 +20(2,09,42;1,,) ) a0

0
@ _ g0
0 — 0|

expression (158) writes:
L (= OO V:Z’f = (i) (i)
H 1 + ZOW (:‘l,n (Z“ {Zj}j#.,@i ’9f )) _Cn + Ti-:l,n (Zi7 {Zj}_];él 791’ >6f )
m>

%

exp (,Al (Z?:l G(fj) -y 9§J’)>)

X

An
4 2?2 ém(zi,{zj}j#i,ggq',),@?))
_ e OO 05707
S 11 KON [E PPN R o | TS
i m>0 7§n+ j#i7i U f

(i) _ oG
efz 79’/)

exp (—Al (2?21 9;]) - Z;‘Z:1 91(])))
An
so that the sum of graphs for an arbitrary number of external points becomes:

out ; ;
_ egi) Zin (Zia{Zj}j;ii’eEl)’e(fl)
n 7Cn+ Ay 9<f“79§“

K3

1
Z H 1+ A = (Zi,{Zj}_#iﬁf;i)ﬁy))

n =1 _
gn e(fi)ie(‘i)

exp (—Ay (X0, 60— 6"
e o

X

(exp (éLn (Zu {Zj}j;éi ’ ‘91@’ 9?)) B 1)

X
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Given that % ~ Gy (0, Z), the hypothesis of the text, we may assume that ¢, > 0.

As before, we can find alternate descriptions for the sum of graphs by factorization with one propagator,
or two, one on each side. We find:

3 ﬁ (/ (5 (69 - 62)

Tl /il = (Zi’al("i)’{zj}j#i) xp (él’” (Zi’{Zj}#wgS)vgg‘i)))

exp (—A1 (9?) — 959

) Go (95,“, 60, ZZ-)

A
and:
out
Zﬁ / Go (601,000, 2:) | a7 (09,600, 2:) + | .o+ ;Ef)él,n (26423%,0.6) | 6 (00 = 61)  (162)
n =1

out
(i)

+ | =C, + Iil S (20423320 00) | (B (20423500 000) ) 5 (Bun (2004233 008,010 )

X A

xGo (61,07, 2;) do') ao)}
This formula will be used to compute the correlation functions and the effective action respectively.

2.3 Generating functional for correlation functions

The generating functional is obtained by including a source term [ (QT (Q(i)) v (H(i)) + wf (Q(i)) Q (Q(i)))
in the action (155)

/\Iﬁ 0,2) (Vo (W™ (J(0),0,Z,G (0, Z))))2 VACA (163)

_%/ <|\1:(0,Z)I2 ‘1’(9—|Z_CZ/|’Z/) 2)

+§:1 (QCZ); /I\If 0, 2) (ﬁ N (9 - |Z—CZ|Z> 2) +/ (QT (9@) " (9@) Lot (9“)) 0 (9<¢>>)

The partition function can thus be expanded as a series expansion:

Z@=1+% % H/m (69) G (67,060,010 ) 2 (6)

n>1"  i=1

The graphs G, (9}1), 051), ey chn),ﬁgn)) are not the graphs computed in the previous paragraph. They are
rather computed around €2 (95“) = 0. This value of the source term corresponds, after legendre transform, to

the minimum of the effective action, i.e. a possible non nul expectation for the field ¥ G(i)) = <\If (H(i)) >

The graphs computed in the previous paragraph are on the contrary computed for a null expectation, i.e.
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<\Il (0(1))> = 0. This value of the field corresponds to a source term ) <0(i)>. Decomposing (163) as:
+ . 2 ¢y 2 z-z1 |

2 (T o (0 ELEL2)[ ) o [ (000) (1) () 3 (0) 0 0)
: / <<a <e<~> o (1)) (#) 0 (0) 9 (0°) (2(0°) -0 (0))

Expanding in series of (Q (Q(i)) —Q (Q(i))) and (Q (Q(i)) —Q (H(i)>)t yields a series of expectations
<H g (H(i)) A (Q(i)) > computed with <\I/ (H(i)) > which are precisely the graphs computed previously: This

series Z (£2) is thus obtained from (160) by multiplication by source terms and summing over n. Actually, the
expansion under the condition that (¥ (6,72)) = <\IIT (8, Z)> = 0, the sum of graphs including a subtadpole

graph, i.e. the graphs that can be factored by (G(i)> or Qg) (H(i)> at one end, cancel. Moreover, the sim

N/ ,
of non connected graphs including factors Qg ((9(’)) ) and g (9(’)) at each end can be factored in the

partition function, and can thus be discarded.

We define AQ (9“)) - (Q (9“)) ~Q (9“‘))), so that:

7(Q) = 1+/AQT(9§P)QO<9‘,95),Z)AQ(0” +> = H/AQT 9”

n>2

Vg( ) By, (Z»,{Zj}#i,eg )79;))
| et o567 - (@) 4 (i)
1+ = — ( (E (Z Z; ,91,91)) 1) AQ(@?)
x * A - Zin (Zi,{zj}#i,eﬁ”ﬁif)) P (Ftn (704 }Hél ' '
€Xp (_Al (Z?:l 9?) - Z] 1 951 ))
X A""'

we can define =4 1 (Zl, {Z; }Jsﬁz 0, ’9(1 ) =0 and thus:

(&) _ (i
/AQT ( Al (if 0; ) AQ 0(1 /AQT 9( i) 9;)795 )7Z) AQ (951))

so that Z () can be written:

Zn'/HAQT (9;%95%21)

n=0

v (i) (i)
C‘ n 9() Z1n (Zu{ZIJ'}j#i:’Gz‘ ’ef )
1 i 08—

x |1+ n - = (Zi,{Zj};i,aiﬁ“,egf)) (exp (éln (Zi7 {Z; }775, ) 951 ,9@ )) 1) AQ (951))

_Cn (i) _ ()
0y’ —0;
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1! / a0 (6 exp (~a (0 - 017))

A
n=0
ERCRCAWYY)
Cn—i_ - 0() o = (2) p(4) (%)
1 SN A (exp (Bun (2042} 0000 ) ) = 1) | | 292 (6F)
- —=1,n iy Jisj#i%i Yy
A (Cn + 9<fri>7]65m >

2.4 Generating functional for connected correlations

=0 (2:,69,42,),,.)

IO Zkj ‘

& > 11 /Q(k,.) L5 (Jye(i),lkj,

Z;—

Zi = 2y, |>

= ]

(\/? ( 1 )2 m) {k1y ki Y {1, on—1} ki #i kj#i

2 o2 X o2

- > = (2:09.42})

{ki,...ki—1}C{1,....n—1},k;#i

(i) _ 9( J)

2 (et {1 I}Hf\z | U 5t Wt (J,@“%Zi)\p(e“),zi) dZ;

o~ o Voo Go (Z)

‘\I/(Q,Z)|2:g0(0,Z)

2 =1 =1 , 2
(i) 2) Lo (0120

The generating functional for connected correlation functions is given by:

Z ()
W(Q)=In Z(0)
. L vout
e
We assume that —C,, and él,n grow approximatively at the same rate, so that — i COBNE)
-t 2l )
depends weakly on n and can be replaced by its limit for n — oo for n > 3. We also replace 2; n ( i {Zm}m;ﬁ] , 953) 9(3)>

and 2, ,, (Zj,{zm}m# 09,607 ) by their limit £; o (Z,-,ei ,9;”) and 5 o (Zj,{zm}m# 09,60 ) As

a consequence, for n > 3:

yout ) yout ) )
_ 09) E1n (25 A Zm Yy 95”,0“)) 00) E1.00(2;,0,09)
—Cp + R 000 —C+ 0T g0
= @ 90 = = @ o
g 4 B (Zj,{Zm}m#jﬂ/ 05 it _1‘00(21,9,/ 05
n e(fj)ie’(ij) 9303')765]')
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Define:

out

\% i i
9( ) _‘1 (ZW{ZJ'}J'#WGE )’e(f))

Cn + A ) <
. . . ; e =
O1n <9§z>,0§cz>, (9&),6%)) ) = ' L (GXP (El,n (Zi’{Z i 0070
ki _ Ein (Ziv{ZJ‘}j¢i’07(ll 05 ) ’
Al ¢, + e(fi)ie(‘i)

Vout
- o)

E1.00(25,0,61)

_C+ Ail

() _ ()
9f —0;

O (6087,60) = 1

Remark that these operators depend on all variables 0§j ), G(fj ) for i # 7, mainly through Heaviside functions.

_ ﬁoln <9<> ) (6, 9;1-)%#)

We thus define:

and for any operator A:

(A, =

n

<A>o =

For A acting on (AQ (05“

. m(zj)egj)jg}j))) (exp (31,00 (Zi, {Z; }#1,95 ) pli ))) 1)

(@) p@ () o) _

G _g)
0% -0

; eXP( Ay (ﬁ - 9( ))) " (9?) 3 agi))

[ s @)

i=1
1

n i () (1) p(i)
EOI’OO (91. O (0105 )#z‘)
iHl (1 + 01, (95”7 0y, (eg“, eg‘i))j#))
(150 (0000 (5067 )
JF

n

i=1

(0,00, 2:)

- (i
A HAQ(Qi )],n>0

®n
)) , the expectation (A),, k < n for A symmetric is evaluated on the k first

. ®n—k
variables and defines an operator acting on (AQ (01(-1))) .
With these assumptions:

Z(Q)

1

1+/AQT 9<i>)g (
/HAQT( )

000,01, 2;) aq (61"

0 (6,61, 2) (14 012)” a0 (6)

iy /HAQT P z)) Go (9; NS 72) (1+01,,)™ AQ (95”)

n>2

1+ <1+O1n

n>l

14 (1) + (14 012)

),
DS % (14 01,0)™)

n=3

n
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and we obtain the expression for the generating functional W (Q):

W(Q) = In (1+<1>1+;<( +01.2)! > +Z <1+01,m)<n)>n)

2.5 Effective action

2.5.1 General form

The derivative of W () with respect to Qf (0(1’)> and 2 (H(i)) defines the background field:

oW (Q‘)) ) /"Y) 11+ (14012)7) + s ity (A +01)™) Gonr2 (07) a9 (166)

sat (0 (0 +3 {1+ 012) )+ %00 (14010 ™)

n

and:

o / aqt () 14 (14+012)) + Tty (0 +010)
o0 (g&“) o7 L+ (1), + % <(1 + 01,2)(2 > + Zn>3 & <(1 + 0100 )(n)>n

and this yields the following equation for the classical field ¥ (Q(i)):

Godd®  (167)

o 14 <(1+O1,2)<2>> + 353 G <(1+01m)<n >n 0 i i ,
/ 14+ (1), + % <(1 +011,2)(2 > Y <(1 401 ) m; o ( 6 )) A (9( )> o = w (91 )

n

(168)
along with:

i 1+<(1+01,2)(2)> +Zn>3ﬁ<(1+01m)<”)>n o , z
/95” Aol (o) L+ (1 + 5 {1+ 01,2)<2 > + S s 2 (140, )<n>§ Go (67,057 ) a0 = w* (6}7)

n

To compute the effective action, we consider (168) evaluated at ¥y (H(i)>, so that Q\I,O(e(,;>) (H(i)) =0:

1+<(1+O1,2)(2> + D nss = 1) <(1+O1 Oo) >n 1 , i
1+ (1), + 4 <(1+01,2) > F Y <(1+Oloo >n y 9<,>)g0 (Qw(gm)zo (9 )) - (9 )
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Then, we have:

/QT (g(z‘)> W (9(1)) Jr/Q (9(1)) ot (9(1’))
1+ (1 +012)"), +Zn>3ﬁ<(1+om)<">>
i) . ’
( ( ' )) + (1), + <(1+O12) 2)> + D onss n,< 1+0100 > ( (9 ))—’_H.C.

n

+of (0(’)) 9)=0 6" )+H'C'
1+< 1‘f'012 (2)> +2nzs (n=D)1 1)' <<1+01’w)(n)>
1 + (1), + 3 <(1 + 01,2) > 203 o <(1 + 01700)(n)>n

~u' (00) 14 (1+0127) + Ews i (10 ) Go Wy () + HO.
1+(1), +1 <(1 + 01,2)(2)>2 + 3 nss <(1 +01 Oo)(n)>n Wo(60))

n

—1

and the effective action writes:

ry - (1+012)), + Ty i (1+01)™) (169)

T+ (W + 3 (15 010)P) + T 3 {1401

n

ot )

1+ <(1 + 01,2)(2)>1 + s (n%l)’ <(1 + 01700)(" >n L G, T, (e(i)> + H.C.
14 (1), + 1 <(1 - 01,2)(2)>2 + s <(1 +01.00) n)>n

-1

Lt (9@))
2

2.5.2 Estimation of the expectations in (169)

The expectations appearing in (169) are functions of ¥ through (168). They can be estimated by using
averages quantities. To so we will rewrite (168) in a compact form. Given our definitions, we have:

/(AQ (Q(i)))T <(1 +01,2)(2)>lgo (Aﬂe@) <(1 +01,2)(2)>2
/ (22 ()'S ﬁ (0+01)")  (a007) = 37 ﬁ (+01:0™)
n=3

n=3

We also define the average (1 + O1 o) by:

1
n!

exp ((1 4+ O1,00)) = Z

n=0

<(1 + O oo)(n)>
n
so that, for a background field of relatively small amplitude:

Zﬁ <(1+Ol,oo)(n)>n (14 01,00) (ni D! <(1+Ol,oo)(n71)>n71

n=3 n=3

(14 01.00) (exp ((1 4 O1,00)) =1 = (1 + O1,00))

1

1

and:

Z % <(1 + 01,00)(")> ~exp((14+01,00)) =1 = (1 4+ O1,00) — % 1+ Ol,oo>2

n
n=3
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In average, we also have
@\ ~ (2)
<(1+01,2) >1 ~ (1+012) <(1+01,2) >2

and:

> e (1 010)™) |~ (14+:01) 050 (1 Oa0)) = 1= {1+ Os.0)
n=>3

where the operators (1 + O;2) and (1 + O; &) are understood as operators acting only the i-th variable,
obtained by averaging over Z; and 0 where j # 1. We define:

z = (1401)
r 2 {aro,
z = <1 + Ol,oo> - <1>1 = <Ol,oo>

and (168) becomes:

(14 01,00) +exp (=7) (01,00 +y (1 + O12) — 2 (1 + O1 )) i) i O\ _ i
ey G v e Go (67,6 a0 (6) = w (") (170)

Equation (170) can be used to find defining equations for z, y, z. Actually, inverting (170):

-1
i 1+ Ol,oc +exp(—x *Ol,oo + 1+ 0172 —x(1+ Ol,oo i
an (o) - (o 0 ) o () o

The inverse of the operator is found by using (161) to write:

(1+O01,0)Go = (14 O1,n) *Go

where * denotes the convolution product and:

Voo (o)
Otn = | ~Gut /;)1) St (Zi’el(”i)’{zj}j#i> P (él’" (Zi’{Zj}#wagi)ve?))) eXp( & (Hf d ))

As a consequence, we write:

(1+01.) 4 exp (=) (<01 +y (1 +012) 2 (14 01.)) | -
1+exp(—z) (—2z+ 3 (y* — 2?)) 0

= G L +exp(-a) (=2 +5 (y° —2%)) )

: ((1 +01,00) +exp (=) (~O1,00 + 4y (1 + O012) =2 (14 01,0))

Computing the expectations of (1 + O1,), (1 4+ O1,2) and O; o in state (171). yields:

Tz = <g01 [1 + exp (—) (—z + % (v* — :cQ)ﬂ A—qu‘ (14 01,00) G0 |Gy {1 + exp () <—z + % (v* - x2)>} A‘1\11>
y = <901 [1 + exp (—x) (—z+ % (v° - x2)>] Aqu‘ (14 01,2)Go|Gg " [1 + exp (—z) (—z+ % (v —xQ))] AI\I/>

z = <go—1 [1 + exp (—x) (z + % (y* - 1:2))] Aqu‘ 01,560 |Gy " [1 + exp (—x) (z + % (y* - 1:2))] A1\p> (172)
with:

AN = [(1401,00) +exp (—2) (~O100 +y (1 +012) —2 (14 01.)) ] ¥
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Expression (172) can be rewritten by using that the operators O (standing for 1—&—@1’27 1—&—01,00...) decompose

as 0 =09 + 0PV |Op| < O¢ and O~ ~ (O(?OZCO;(;)V) = (O(O;))g and [A]"" can be obtained by:
A" = [(1+010) +exp(—2) (<0100 +y (14 012) =2 (14 010))]

(14—0T )+e><p(—5ff)(—OI,ooﬂLy(“’OT )_$(1+OT ))
(14012 +exp (o) (-0{L +y (14017) ~x (1+012)))’

and the expressions for the expectations are:

2

v 102 .2
o 1+ exp (—2) (—2 + L (42 — 2?)) (To| Gy "B (1+ O1.00) B|W0)

(14012 +exp () (~0{L +y (1+01D) ~ = (1+0(2)))’

N ( 1(,2_ .2
, 1+exp( :c)( Z+2(y x)) (\I/O|Q0_1BT (1+01,2)B|‘I’0>

(14 0(Q +exp(—a) (<01 +y (14 017) — = (14 0(0)))’

1 2
o L+exp(—2) (-2 + 5 (v* — 2?)) (Uo| Gy ' BTO1 00 B |¥0)

(1—|-Oloc—|—exp( )( O(C —|—y(1—|—0§(’;)—x(1—|—0(c)>)>

2

2

with:
B = (1+O01)+exp(—2) (—O1,00 +y (14 O012) =2 (14 O1,50))
= (14 01,00) (1 —zexp(—2)) —exp (=) O1,00 + ¥ (1 4 O12) exp (—x)

Now, use that for slowly varying field, we can replace:

((1 + O ) (I —zexp(—x)) +exp(—x) (—OLOO +y (1 + 012))> (14 01,00)
x ((1- :cexp( z)) + exp (—z) (01,00 + ¥ (1 + 012)))
~ (14 0{% +exp (- )(—OE?QOer(lJrOﬁ))—x(1+0§2)))2

since the omitted terms are of second order in derivatives:. As a consequence:

2
1+exp(—z) (—z+ 5 (y* — 2?)) ) _
T~ — O N —C (Pol Gy " (14 O1,00) [Wo)
1+Oloo+exp( ) (=015 +y(1+0;, (1407

2

L+exp(—a) (=2 + § (y* —2?)) (Wo| Gy (1+ Ona) |Wo)

14 00 + exp (—z) (-0

N
[
89
_l’_
<
/N
—
_l’_
S
Q
N——
|
8
/N
—
_l’_
S
2 3
N———
N———

2

1+e — —z+ 1.2 .2 )
z =~ (C) XP( f(rc)’)( z 2 (yi(c)x )) @ <\I}0| galol,oo ‘\If()>
+ 0 +exp (- )(*017m+y(1+0172) (1+o ))

These expressions allows a further simplification. We define:

X = 1+exp(—2) (—2+ 5 (v* —2?)) 2
1+ 0{% +exp(— )( OECOZﬁy(l*O(C)) (1+O(C)>)
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so that:

T = X(U|Gy' (14 01,0) ¥) =7X (173)
y = X<\I/|Qal (1 —&—OLQ) [T) = sX
= X (V[Gy'01 o |¥) =tX

The variable X satifies the equation:

1+exp(—rX) (—tX + 1 (s —r?) X?)
14 0{%) + exp (—1X) (~0{% + X (1+0{F) = rx (14 0(2))

, 00

X =

whose solution is approximatively:

2
. o 1 ()
1+ exp ( (1+O§,co)o)2> < (1“1’@5?0)@)2 + 2 <1+O§,Co)c>4> ( 74)
X ~ !
j _ 1409
1+ Oﬁ)o + exp (-W) (_Ogco)o +s ((1+@§;£>)2 - (1+(§§f}o)>

2
_ 2 -1 S
(1 + Ogcol) + exp < (1% (Hol’w)\m) N

= (1+0{2)’?
- (1 I Oﬁl)?’ +exp (_ <qf|gz—11£10+§,)o§)qf>> D
where:
N = | = (0G0 0 W) + % ((\IIIQJ1 (1+01,) |)? __ <\1/|g2(;1 (1401 00) |\I/>2)
(1+012)
D = (—Oi,col (1+062) + (1+09) (w165 (14 012) 1) — (14010 ) (@] G5 (14 01.0) m)

In first approximation, this reduces to:

~)\? (PG (140100 19) | [ 1A 1 ({165 (1401,2) 1W)* =(¥|G5 ! (1401,50 ) [¥)?)
I L ( (ro)” )\~ O (o)
- ~)\? (PG5 H(1401.0)19) | A(C ~)\?
(1 + O1,oo) + exp < (1+O§,Col)2 01 % (1 + O1,oo)

Appendix 3. Correlation functions

The correlation functions can be computed by successive derivatives of the effective action (169) estimated
at the background field. The first derivative (169) yields AQ (Q(i)) as usual, apart from a constant term:
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or (1) 0AQT (9(“’ Zz‘) or ()

ot (9“), Zi) ot (9“), Zi) ont (Q(i),Zi)
-1
2) 1 (n)
220 (0) - 2 14 (1+012)7) + Doy i (14 01) ) | G
_ = _Z 0
2 n
2 21140, + 3 (14 019)P) +Xns 4 (14 010)™) o)
—1
_ 1|1+ 0100) +exp (=) (=010 £y (1 + O12) —2 (14 O1,0)) G o (9@) Z,)
2 1+ exp (—x) (—z + % (y2 — 22)) 0 T
-1
1 (14 01,00) +exp(—2) (—O01,00 + y (1 + O12) — 2 (14 O1,00)) Go 7, (H(i), Zi)
2 1+ exp (_ZU) (_Z + % (y2 _ ,7;‘2)) \1,0(9(1'))

This formula does not allow to compute the vacuum of the system, since (175) is identically nul for the
vacuum Yy (H(i), ZL) We will derive ¥y <9(i), Zi) below through a graph expansion, but differentiating

(175) yields the 2 points effective vertex, and successive derivatives will compute the higher order correlation
functions.

3.1 Two points correlation functions

3.1.1 Equations for two points correlation functions

1 noed sae(0f”) q saef(61”) he derivatives sae(0f”) daAQT(eg“) beine obtatned by hormiti
We will nee 6\1/(9;")) an 6&(9;”) , the derivatives 6\1”(0(;’)) an 6\1”(0(2"’)) eing obtained by hermitian

conjugation. We have:

50 (6) (1+01) + exp () (<O +y (14 012) —2(1+ 01 | o | () 4
_ 1,00 €x x 1,00 1,2 x 1,00 9(1) 9(1)
SU (9?)) (( 1+exp(—z) (—2z+ 3 (y*> — 2?)) )g0> ( Lo f) (176)

SAQ (9<>) . sAQT (9@)
ow (01) ow ()

SAQ (9@) 59((2@) (1 n <(1 n 01,2)(2>>1 + s T <(1 + Ol,oo)<n)>n_1>

09) + w (69 | ae(6)

) (2)
o (G;i)> 1+ <(1 + 01,2)(2)>1 T nes ﬁ <(1 + 01"’0)(n)>n—1 . (91 )
9a0! (09) saray (1 H(1+012)®) + sy it (0 + 01,00)<”’>n_1) aq (")

ST (9?)) 14 <(1—|—01,2)(2)>1 +En>3ﬁ <(1+01700)(”)>"—1 1

where:

2 n
sty (14(04000%), + Sy (0000 )

1+ <(1 + 01,2)(2)>1 + X nss G <(1 + Ol,oo)(n)>

aq ()

n—1
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is a notation for the convolution:

[ 1+ <(1 + 01,2)(2)>1 +Y (n_l D! <(1 + Ol,oo)(n)>”_1] *

nz3

59 (9

* AQ

()

and:

sAQt (o [ s5A0 (9@ . sAQf(e® ,
5\1/(9(52;)) = a0' (o) (N(g;);w (0) + 5\1/(9(;)))\1] (9(1))) 1o
50 (0) 5oy <1 +((+ 01,2)<2>>: s gt (0 01,00)<n>>11) aqt (59)
| af (8
ov (9?)> 1+ <(1 + 01,2)(2)>: + 203 ﬁ <(1 + 01’”)(n)>2—1 1

5A01 (09 st (1 +((+ 01,2)(2)>I + s gty (14 O1,00)™)

5w (0") 1+ ((1+ 01,2)(2)>1 s g (1 01700)(")>T

T

”1> a0 (6)

n—1

These expression can be rewritten by using that the operators O (standing for 1401 2, 1401 ...) decompose

0@ _oD)y :
as O = 09 + 0PV |Op| < O¢ and O~ ~ ( Dk ) = (O?Q))z. We have:

m (1 + <(1 + 01,2)(2)>1 + 27123 ﬁ <(1 + Ol’oo)(n)>n1>
14 (0 4019)7) + gt (04 000)™)
m <1 + <(1 + 01,2)(2)>1 +2nss ﬁ <(1 * Ol’°°)(n)>n1>
<1 n <(1 + 0172)(1)>1 (14 012) + X5 pryr <(1 + Ol,oo)(n—l)> ) (1+ Ol,oo)) * Go

AQT (g(i))
B B _ Ol,oc)(n72) o

(14 01,2) % Go) ((1 + 0172)e§i> * Qo) + (14 01,00) *Go) 2on=3 o (n=2)! Lacs ((1 * 01,00)95” - QO) AN (e(i))

1

<1 4 <(1 + 01,2)(1)>1 (1 + 01,2) + En>3 ﬁ <(1 + Ol,oo)(n—1)> (1 + Ol,oo)) * Go

— AQf (g(i)) Go'!

aq (o)

AQ (e?))

n—

R

X

n—1

_ _ ~ (1401,00)"72) _
((14012) *Go) (14 012) g0 + (14 O10) #Go) Ly~ g (14 Oro) 0

1+ (1 +012)") (14+012) + X 5t (14 010)" V) (14 01.c)

 GoAQ (eﬁ“)

*

where the convolutions are understood. Thus, (176) and (177) write:
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- / (-/AQT ((%))) (A (9&1’)) (1+ Ol,oo)(eg”)/ﬂ;i) +B (ggi)) (1+ 01,2)(99),79;”) God (egi))'
; o\ 080 (05 i
san ()0 ) ) ) o

520 (6")

- / Ko (017.05") 5 (6f) "
!

>onss Gy ( (L Ol,oo)("_z) (14 O1,00) i .

= go—l * >3 2)_! < >n_2 0} i L GoAQ (951))
<1 + <(1 + 01,2)(1)>1 (1 + 01,2) + Zn23 ﬁ <(1 + Ol’m)(n71)> (1 n OLOO)>

— (1) p(@)

- A (91 64 )

B (01")

-1

n—1

(1 + 01,2)9§i)
<1 * <(1 - 01’2)(1)>1 (1 T 01’2) + Zn}?) ﬁ <(1 + Ol,oo)(n_l)>
= B(00.0)")

Similar formula applies for the derivatives of AQT (0@):

* GoAQ (0@)

(1+ Ol7oo)>

n—1

607 (05)

(— (A (9%)) (1+01.) (0) o0 B (gy)> (14 Or.) (9(21_)>,79g)> GoAD ((9;7»)’)
(657) 6 ((95“)' - 95“)) a0a (07)
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Where GoW (Héi)) denotes the result of the action of Gy on W:

Gow (65) = (Go®) (65"

As a consequence, defining:

a0 = ag ) (178)

. Ky (687,65 2 (617,65
K(0008) = | o o .9
61,64 L (08,68

+

(C

[X (egl 79(1)” = ( (1:( >1+Ol<zl<:)01:_)%;Zi;i)a; 1+o1 )(n>> go) - <9§i),9?)> ) _ < X (0@705})) )

0

Equations (176) and (177) can be written in the compact form of a dynamic equation:

©
/K >9() . 20 (¢ )de O+ |x (007,0)] (179)

w (o)

3.1.2 Solution of equation (179)

The solution of (179) is given by a series expansion:

5 [AQ)] (eg“) n-1 o

_ (1) p() (4) ()
P =3 (T (o000 [ o) T s
ow <9f ) n>0 k=1
We can check recursively that the coefficients:
(5 52
Ky Ko

have the form:
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K" = /AQ*((@&“))(
)

KD — - / <A; ((el(ﬂ 1@—1) (1+0100) 5 o +B;<(gl<i>)l@_1> (1+01,2)955)’(9$))/>

K& = / AQT<(9n"))/>

n, Bn and C), are found recursively. To find these coefficients, we use that:

72) ( Ki1 Kip ) _ K1(71)K1,1 +K8}2)K2,1 Kfﬁ)Klz +K£72)K2,2
K K Kop Kap S Koy + KUK KW Koo + KK

and note that the first coefficients A; and B; are defined by:
Ay (95“, (95’”)) AQ ((9@)') = (o)
B (95“, (0&”)’) AQ ((0@)/)

Il
&
/N
e
gc
N———
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The recursive equations for Ay and By are:

Apir ((05”)@)
_ —/go (AQT ((9555)') Ay, ((9&))[@1) (140, oo)< o) 9<)A(9§f))
e (8,0, ) 0Oy o 4 () (), ) () 4 ()
,/go (Ak (el(i))l@l) Al (92)) (1+ 01,00 £)7<9$)>,
i l@_l) AT (67) (14 012), ) +Ck (s >z<n_1> AT (69w (61
1

)
= —ac((0),, ) (0 01 iy + (41 (14 01y >>
D)) (

(4) QU QU
(14 0:2)A >>9( )+ (A (1+ 04 2)><9§;)> + Ck ((91 )Kk_l) (<A1>>9§:) + <A1><9](::>

el(i))lék—l) <<(1 +01,) Bl>>9§f) B+ OLOO)><9§:))
Deer)

(<(1 +012) Br)_ g + (Br (1+ 01,2)><95;>) +Cy <(9§i))l<k1> ((Bl>>9< )+ (B Oy >)

(14 01,00)) >9()+ 1+0100)><9$:)) (183)

o (8),c0) = e (), (c
—Bk< ) (L+01,2)) 9<>+ 1+ 01,2)) 953))
DI

+Cy ( < 9<> +( a< 0
with:

<A1>2§§f) = /\I’T A

<A1>Zg’§:> = /AT ‘I’

<B1>(>2‘;!§€i) = /‘I’Jr 9()

) = [ B (6 9“

To compute the various brackets involved in (181), (182) and (183), we define the following A€ average
values for an arbitrary operator M:

a0 = o () Yot o 1) aso
(@

) (68) QOAQ (0’(:))
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<6y
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and the ¥ average values:
v T (1) 1 (4)
(M) o = / v ( G )go M(a(f))/79;i>\p(9k ) (185)
v i Gimt (@)
(M) oo /\1/ ( ) M(GS)),ﬂS)\D (ek )

Using (171):

oY (14 01,00) Fexp (=2) (01,06 +y (1 + O12) — (1 + O1 o)) B (i)
a0 (o) = (( Lt exp (—2) (=2 + 3 (v — 27)) >g0> v(?)

1, 1+exp(—z) (—z+ 3 (y* —2?)) @
Go " ((1 4+ O1,00) +exp (—2) (01,00 +y (1 4+ O12) —z (1 + OLOO))> v (91 )

we can compute the AQ averages (184) of M in terms of its ¥ averages (185) up to fourth order in derivatives:

. L exp (=) (=2 + 1 (1 = %)) Yy
0= ([T+00) + o (o) (<0F + (0 (1 +05) —a (1100,))) ) Mo

1 < (1+exp(—$) (—z+%(3/2—$2)))2 >\P<M> o
DY \ (14 O1.00) + exp (—2) (<0100 + (y (14 015) =z (14 01.0))))” O

(M)

12

L 1+exp () (—2+ 3 (y* —2?)) 2 (ar)”
<o T\ (1+09,) +exp(—2) (-0 + (y(1+0F,) —z (1+0F.))) <6;”
1 < (1+exp(-2) (—2+1 (12 —2?))° >W<M> @
<1>‘II ((1 —+ Ol,oo) + exp (*JC) (*Ol,oo + (y (1 =+ 01,2) — T (1 + 61700))))2 <O

1R

with M given by: -
MGy = M * Gy

The previous formula imply that several quantities arising in (181), (182) and (183) can be computed:

1 2 2 2 v
(14 0um) Ai) g = — < (1+exp(—0) (<2 + 3 (5 = 42)) >
; zzg}) <1>‘1’ (14 01,00) +exp(—2) (01,00 + (y (1 + O12) —z (1 + Ol,oo))))Q
X <(1 + Ol,m) A1>\i}9§€i)
<6
1 2 2 2 4
(1+01,00) B1)_yir = 1 < (1+exp(—m) (—z+§(y - ))) >
5 zzi” <1>\I’ ((1 + Ol,oo) + exXp (—.T) (_O_l,oo —+ (y (1 + 0172> — (1 + Ol,oo))))Q
X ((1+01,0) B1>§9§:)
<6("
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where:

A (9(1‘)) _ din>s ﬁ <(1 + 01700)("—2)>n_
1 {01 (1 + <(1 + 01,2)(1)>1 (1 + 0_1,2) + Zn>3 ﬁ <(1 + 01700)(n—1)>

(1= exp (=) (1 + Oroc) o
(1401 +o () (01 + [y (15 012) —2 (1 01.0)))
(1 +071¢2)0§i)
<1 + <(1 + 01,2)(1)>1 (1 —+ 01,2) + Zn}f} ﬁ <(1 + 01700)(71,—1)>

(1 + 0172)6§i)
(1 + Ol,oo) + exp (*1') (*Ol,oo + (y (1 + 0172) —x (1 + Ol,oo)))

We also define <M>;P§;) = <M>§0§f) + <M>i0§:>. We can replace in average <M>§9§j) and <M>‘£9§f) by 1 <M>§}§;)
in (181), (182) and (183). Moreover:

wl (9,(;’)) AQ (9;“)
(1+exp(—z) (—2+ 3 (y* — 2?%))) <((1 + ()I’Oo) + exp (—x) (—OI}OO +y (1 + 012) —z (1 + OIOO)>)>

((1+0F,) +exp(—) (~OF o + (y (14 0F,) — (14 05.))))°

<1 +exp (—x) (—z + % (v> — ﬁ))) < (14 O1,00) +exp (—2) (01,00 —li— (y(14+012) —2(1+01,%)))) >>0;€i>

aQf (017) w (6)

(1+exp(—a) (2 + 3 (¥ — 2?))) <((1 - OLOO) +exp (—) (—OI,OO +y (1 + OI,2> — (1 + O{m)>)>
(1+0F0) + exp () (-OF + (v (15 0F,) 2 (1+ 05.))))°

_ < _ 1+eXp(—7x) (—Z—i—%(ijxz)) ] >q;
((1 + 01,00) +exp (—x) (_01,00 + (y (1 + 01,2) -z (1 + Ol’oo)))) o

) (1 + 01700)6(1“

(1+01))

n—1

12

[(1401))

n—

12

4

(4)
>0,

1

\

(0
<6

and, for the coefficients A (9@), B (Hgi)):
a(6) (186)
> on>3 ﬁ <(1 + 01,c>o)(n72)>n_2 (1+ 01,00)99

(1 +{1+012)") (14012) + oy i (1 +0100)" )
(1—exp(—z))(1+ 01700)95“

-1
= go ES

+GoA0 (1)

[(1401.))

n—

= G NI
Gy * (14 O01.00) +exp (—2) (=O1,00 + (y (1 + O12) — 2 (1 + O1.,00))) * Go ( 1 )
B (61")
1+ 01,) 0 ;
= gO_l * ( )01 . gOAQ (egt))

(1 +((+ 01,2)‘1>>1 (14 012) + Loy gy (14 01,00) ")

exp (—x) (1 + 0172)9(11')
(14 01,00) +exp(—2) (01,00 + (W (1 4+ O012) =z (1 + O1,0)))

[(1401.))

«Gao (o)

n—

1R

—1
go *
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Ultimately, we will need the following identities:

Z71>3 (n—2)! 2)' <(1+01 OO)(n72)> (1+01 OO)O()

(187)
(1 + <(1 + 01,2)(1)> (1+0f2) + 3,23 ooy < (1+O01,00)"” 1)>n_1 (1+ Ofoo)>
exp (7)o 5 <(1+01{:)<2”)' DY (L4 0100y ((1 +0} ) + exp (—x) (_OLDO +y (1 + 01,2) -z (1 + OIDO>))

1R

(1405 0) +exp (=) (—0F o + (y (1+ 0F,) = (1+0¢,))))
(1—exp(—=z))(1+ 01,00)6?) ((1 + 01,00) + exp (—x) (—OJ{,OO +y (1 + 01,2) —x (1 + OIOO)))
(140§ ) +exp (=) (~0F o + (y (1+0F,) —w (1+05,))))

1

As a consequence, the coefficients A1, Br+1, Cky1 can be written as a function of a coefficient Ny y1:

A1 ((QZ(i))Kk)

_ 4
Zn>3 (n 2)! <(1 + 01 OO)(n_2)> ) (1 —+ 01700)95,;)

no N 6"
(1) A 1 (n—1) = h U )ick
1—1-01 2) > (14 01,2) +En>3m<(1+01700) > (1+01,oo)>

1R

n—1
(1 —exp(—x)) (1 + Ol’oo)a(l“ N

14 01,00) +exp(—2) (—O1,00 + (¥ (1 + 012) =2 (1+ O1,0))) > N1 <(0l(i)>zgk>

s
<
Bw( i)
Yo
<

1

N4

1

n—1

exp (—z) (1+ O12) g > N, o
1+012) > (1—1—01,2)+Zn23ﬁ<(1+01’m)(n71)> (1‘5‘01,00)) k+ <(l )lgk)

exp (—x) (1 +071’2)95i) v

1+ Oy.00) + exp (— )(_ow+(y(1+ol,2)_m(1+ol,m)))> Nk“<(95i))l<k>

Cri1 ((Ql(i)>l<k) ~ Ni41 ((Ql(i))l@)

Inserting this relation in (183) yields the recursive relation for Ny <(01(i)>l k>:
<

1
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N
() o 1 1
Niy1 ((91 )lgk) - <1>‘1’ < (1 + O_LOO) +exp(—x) (—OLOO + (y (1 + 01,2) —x (1 + 01700))) >

N < (1+exp(~2) (—2 + & (4% — 2?))) >¢
1Y (14 O1,00) +exp (—2) (01,00 + (y (1 + O12) =z (1 + 01700))))2
™ ((1 —exp (—x)) M <(1 + Ol,m)>:£i) + M exp (—x) <(1 + 01’2)>\;§)> } Ny, ((el(i))lng

(0" (n*

Lt exp () (2 + 4 (4 %)) " (o
+ < (1 4 071,00) +exp (—x) (_Ol,w + (y (1 + 6172) —x (1 + Ol,oo))) > N, ((‘gl )Kk—l)
_ 1 1 >W
MY\ (1+01,00) +exp(—2) (01,00 + (¥ (1 + 012) =2 (1+ O1,0)))

X ((1 —exp(—x)) L\I, ((1+ OLOO)>;P§:> + ﬁ exp (—z) ((1+ O1,2)>gj§:)> Ny, <(9l(i))lgk_1>

(1)
1+exp(—z) (—z+ 3 (y* — 2?)) v )
" < (1+01,00) +exp (—2) (01,00 + (y (1 + 012) =2 (1 + O01,00))) > M <<0 )Kkl)

and this formula factors as:

Ni+1 ((Gl(i))lg)

< 1+ exp(— )(—z—&—%(yQ—mg)) >‘Ij
(14 01,00) +exp (— O1006 + (y(1+012) —2 (14 01,%))))

z) (=
) {1 ((1—exp z))z ((1+ O, oc)>9<>+yexp( 2) ((1+ 0y, 2)>9<>) }Nk ((0(1')) )

( \Ij 1+exp z+§(y fo)))

1

whose solution is:

) o e 1+ exp (—2) (—2+ & (42 — 22)) v
Nn ((91( )>l<n_1> ~ N <<6§ )>> kll < ((1 + Ol,m) + exp (fx)p(f(jl,oo + (y (131 01,2) - (1 + Ol,oo)))) >

. ((1 —exp(—z))z ((1+ O_l,oo)>j§:> +yexp (—z) ((1+ 0172)>:§:))
(<1>\Ij>2 (1+exp(—x) (—z+ 5 (y> — 2?)))

This yields ultimately the solution of (179):
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W) [ (), ) (0 () (o)
() [ 9 () )onr s o 1) [ a0 () ) voua) )
xx (00,01) k]ide,g“
that can be approximated by:
5 (a0) (0{")
5 (0(“)
~ X ( ) / ) exp (/ ’ N ((g(i)) d9<i>)> (AQ ((95 ))) ot (eéz-)) e (eéi),e}i))
o) 207 () ) 001 gy g 6 (01 7 (0
9 / AQf ( > (1+0, 2)( DY o GoX ((eg”)/ ,95}”) d(&é“)’)

where the factor N ((6;)) is given by:

(188)

S - 1+exp(—z) (—z+%(y2_x2)) N
N((8:) =~ <((1+01,oo) +exp(—z —01700—1— (y (14_0172) —Z‘(1—|—01 Oo))))>

(=) (
[, (0o a0y e ) ((14012))50)
(1Y (1+exp(—z) (2 + 5 (12 — 22)))

and with condition: ,
o) < (05) <ot

due to the Heaviside functions in the integrals defining the interaction terms.
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Using (186) and (187), the coefficients involved in (188) write:

s () -

1+0100)+exp( 2) (=016 +y (14 O012) —2 (1 + O1,0)) - @Y’
1+ exp(—2x) <—Z+%(y2—x2)) )%) )W((Ql ))

< <Hom)+ex;r_z%p<téf,;izyaffo;?zW)»w<<es~>'>

b
—~
>
=<

N
—
I

(1= exp (=) (1+ exp (=) (== + & (42— 22))) (1 O1 ) 0 ) v (o)
1 +04 OO) + exp (—x) (—01,00 + (y (1 +O1,2) - (1 + 01,00))))2 '
o (=) (1 exp (=2) (=2 + § (17 = 4%))) (1 + Ona)yg )o ()

(14 01.00) + exp (—2) (=01 oo + (y (14 012) =2 (1+01.20))))*

9
9

sy
—
>
ey
N
—
Il

and Go X 0(”, o) is equal to:
n oY f

o 14+ (14002 + Sy gt {0+ 00 ™) o
i) p(i) _ n— (1) p(@)
S (0007) - g0<1+<1>1+1<<1+012> >+zn>3nl<<1+om>“1n (o07)

1+exp(—2) (—2+35 (¥ —2?)) (g(i) (,(z‘))
(1+Oloo)+exp ( Oloo+y(1+012)_x(1+0100)) nos

1

In the local approximation X (HS), 9?)) x § (Héi) — 9?)). Defining;:

1 —
o = > 5 5 = o (14010 189
1 (7 0r) + b (-8) (01 T3 (17 0ra) —2 (17 Oy 0 (FOue) - (189)
1 —
Oy = = = - - ' (1+0
2 (14 O01,00) +exp (—2) (01,00 + ¥ (1 + O12) =2 (1 + O1,0)) o ( 12)

this yields the expanded form for the two points correlation functions (188):

5189 (61”) g Ltexp(—a) (=2 + 35 (y* — 7)) (697.69)
5@(05!)) 0 (1+017oo)+exp( )( 0100+y( +012) (1+0100)) Loy

+exp(/E)N((eua)dem)) (Jor () ) (02 ) 1 (07) (6" o
— (1 - exp(—2)) </\1ﬁ((9 ))O1go (( o) > )

o e G ) 40 Y,
><<go [ ) 61"

(o ) om () 7))

[ A

1+Oloo)+exp ( O1oo+y(1+012)—a:(1+0100

(I +exp(=2) (=2 + 5 (v* —2?)))
8 <(1 + O1,00) +exp (—xI; (=O1,00 +y (lzj- O12) =z (14 01,0)) \Ij> (9(1 ))
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that can be further simplified:

§[AQ] (0@) _g . 1+ exp (—x) (—z + % (y2 - :102)) _ (0 ) g ))
5T (955')) O (14 01,00) +exp(—2) (01,00 +y (1 +O12) =2 (1 4+ 01.00)) V" 77

6t

N i i 1
e (/953» N((“’)‘””)) (qﬁ (67) 5" (15 Or0) + 0xp (—2) (—O1o0 + 4 (1 O12) — 2 (11 Or.00))

_ (i) 1

(‘IJT (gf ) O (14 01,00) +exp (=) (01,00 +y (1 4+ O12) —z (1 + OLOO))>
- (1—exp(—z)) (1+exp(—2) (—z+ 3 (v* —2?))) (1 + Ol,m)egi)

X0 15 01) +exp (—2) (010 + 9 (14 012) —2 (11 010)))

) 1
- (WT (af )02 (1 +O1,m) +exp(—=z ( O1,00 Y (1 Jr071,2) -z (1 + OLOO))>
o oD (e (o) (<4 (0~ ) (14 Oralyp
O (14 O1,00) +exp(—2) (01,00 + ¥ (1 +012) —2 (14 01,00)))
2) 2

(1 +exp (—) ( (v* —=%)))
><((1+01,00)+exp(—p)( Oloo+y(1y+012)—x(1+0100))>qj(ag))

3.1.3 Compact formulation

Thie previous expression for the two points correlation function can be rewritten more compactly:

(#)
§ [AQ] (91 ) _ gglg (egi)’ay)>

50 (0(;‘))
0" F g »
12 v (@Y 790 —
o[ argu|e ([ w0y o)) | [, vt
o{® 2 00
bl ) Y n (0@ g9
S G s e ([ 8 (o))
i L -exp(-a)F -
X /;(U \Ilfgo @2 (1 + Ol,oo)
" 1 F2 e ®Y 750 im—1€xp (—x) F
B / gO @(1—’_012)\:[] exp /9}7,) N((Q )d9 ) /9}@)\Ilg T(l"'OlZ)
where:

F = 1l+4+exp(—x) (z + % (y* - x2)> (190)
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In the local approximation for Ggi) ~ Ggf):

d[AQ] (9?)) (i) P .
_ o158 (pd) g —14 f 17
o (9% G 5 (01 0% )+ / (o @\If /em UGy (191)
%" 2
v L F ~ 4(1—exp(—2))F -
- / go 1@ (1 + Ol,oo) \1/ ‘/e(i) \IITgo 1 @2 (1 + Ol,oo)

o("
[/ QO @2 1 + O 2)

The contributions into brackets can be neglected in first approximation since they include a factor exp (—z) x
polynomial(z, y).
Actually decomposing;:

0(" 2
F
[/ golf +01700)‘I’

6" 2 _
go_l@ (1+01,00) ¥

(..)2

exp (—z) F ~
/9 ., wig PP (L5

o2 (192)

4 F ~
[0 g 0401)

, — — F _
/g(i) \I/Tgo—l( exp@(2 z)) (1 + Ol,oo)

91 F2
/ Yo v (1 +0, OO)

we can regroup the second term of (191) and the first term of the right hand side of (192):

9(’5)
= / to-1F
l/ Y0 @\II ggwwgo e)

In average: -
(1 + 01700) _ ( x >
© (4 exp (=) (1) —z + (y* — 2?)))
So that:

o _F F
1 to—11"
“y v
[/ gg o) /0(11) go

o0 L F L F
[ 9% g¥ /9515 viG &)
><<1— x(1+017oo)(1+exp( (1717+%(y fx))) )

(x—i—exp(—:c)((l)—x+(y2—m2)))((1+0100)+exp( 2) (01,00 +y (1 + 012) =2 (1+ 01,x)))

In average this is equal to:
(1 (T x2>>>>2 (1+ewin (s 507 ‘Iz)»)

F
et
l/ /0()\1ng

which has the stated form. This corrective term can be given a more precise form:

Ggi) o (T Oloo x 012
|:/ galgw /egi)\lj’rgol F( ()(]‘+ > )+ﬁ( )(]‘+y(]‘+ 1)))

(x + exp (—2) (1) — 2 + (12 — 22)))°
Ggi) a (T _100 T _12
~ [ G-1w /e(lwwo—l Fz<1>s< <(>(1+0, )+6(>(1+y(1+0,))>

z+exp (—2) (1) — 2 + (y2 — 22)))*

9('5) 2
1 F _
/ Go ' gz (1+010) ¥

. F _
[ 995 g (1 01)

0t 2
F
/ go @2 (1—|—01 oo)

F _
[0 g 0 0u)

9(1)
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1R

Blz) =
Moreover, gathering the second term of (192) and the last term of (191) yields in average

1R

R

1)) (1— (& + 1) exp x))—x(l—i—exp(—x) <1—x—|— 20 —x2)>)

(o4 exp () (1)~ + (4 —
z) ((1) =z + (y* — 2?))) exp (—x)

(z+exp (—

L (—exp(=a)F , | -
/e(i) \I;Tgo 1% (1 + Ol,oo)

0(1) 2
| GG (o)
o) 9
v L F ~ exp F
/ Go' gz (1+012) ¥ /egwqﬁg 1%(1—#012)
T F —exp(—x)) F - Y _1exp(—x) F -
| g o) (/{9(;'>ng0 o (o) (1+ol,oo)+$/9(li)wgol(@2)(1+01,2)>
o ? —~ 14+012) —2 (1401 o
| w0 (/emxb*golexp( D49 -2+ ))F>
a1y & =0) [y (1+012) —w<1+01,oo))>
) (1) =2+ (y? — 22)))"

(/ TG F3 (1
o (+ oxp (-

exp (—x) (y2 - x2) )

z+(y* —2?)))

vig-1F3 (1
</9§> 9o 7 (z +exp () ((1) —

which has again the expected form. Using that W is constant, we can write the corrective terms as
71‘ ) ,

) (14 01,00) + (B (z) — Fexp ( ))y(1+012)+5()>
4
(193)

) (1) =z + (y* —22)))

( gy (0@ + Froxp (-
(z+exp(—

L(VG, ) Gt
The two points correlation function (191) is thus
2)) (14 O01,00) + ( )y(1+01,2)+ﬁ§qc4>

4 \LJ

B() Fexp (—x)
z) ((1) — 2 + (y* — 2?)))

F oo
gal@ (951)’91r )
a(z)+ Frexp (—

The various terms arising in (194) can be found by using (161) which shows that for 6

(x4 exp (—
~ n().
~ Hf :

out

Voo ,
—Cp t AL;/ELTL (Zivez("l)7 {Zj}j;éi)
exp (—Al (95}) — 953)))

X exp (ém (Zia {Z; }77&2’951 79@ )) A

(1+01) = a(6f-6)

so that:
vout
_ _ (i) _ . . .
Go' (1+01,) =G5 ' + ( Cot 120 (200004233 1) | 8 (0~ 07) (195)
and:
Vout
_ _ (i . :
Gi' (1401 0) =Gyt (<+ B (2060025} ,) | 6 (67 o) (196)



As a consequence, (194) rewrites:

gL (9(1>79< ))

out

- o) = ()
(a () = Frexp (—2)) | =8+ 5F100 (201,25} 1)

F?2(vtg 1w
HE (VG (z +exp (—z) (1) — 2 + (42 — 22)))"

Vout

) i
L E1,2 (Z¢,9§/)a{Zj}j¢i)) ""5(‘”)

(@ +exp (—2) ((1) — 2 + (y* — 22)))"

(B(x) = Fexp(=x))y ( Cot

—F? (UG, 'w) (197)

3.2 Correlation functions of order (I, m) at different points without interaction

The expressions for correlation functions at m different points are directly given by:

- ) Ltexp(—a)(~z+ 3 (y? — %)) . (Qu) 9(i>>
O (14 01,00) +exp(—2) (01,06 +y (1 +012) —2(1+01,60)) V"7

+/d9§i) exp (/(,Zi> N ((0(1‘)) d@“))) (\I/T (ag‘)) X (GS 790))
— (1 —exp(—x)) (/ vl (Qéi)) (01)(99),,0(” GoX (( l)) ,9}”)) Go ' (1+ 61700)09)
—exp(—x) (/ ot (9 ) (02)( 0 GoX ((eg“)/ 95))) G (1+ 01,2)9@)

(1t o (-0) (2 + 3 (42— o) N
( (1+0100) +exp (—xr; (~O10 +v (1y+ O12) —2 (11 01.0)) ) v (o) ))]

Where the notation — ® m of an expression:

(X,
represents the m tensor products:

m

[T0)

i=1

For weak background fields this reduces to:

L+ exp (=) (—2 + § (4 — %)) (59.0) e
(1+01,00) +exp (—z) (—O1 00+y(1+012)fas(lJrOloo)) 1ors

Gyt
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whereas, for strong fields, we have:

620t (01") B
(e =
(o0t b), v ([ 9 () ) ([0 0 x (050
) </ ¥ (07) (00 (o o G0 <(9§))/ 795‘”)) Go' (14 Oroc)gp G (14 Orc) o

o (1+exp(—z) (2 + 3 (42 — 2?))) o —@m
<(1 +O1,00) +exp (=) (=O1,00 +y (1 +O12) —z (1 + 01,00))> v (91 )1

In this expression, the indivual elements interact directly with field and indirectly with other elements.
Expression (198) can be written more explicitely, using (189). Actually, in strong background fields approx-
imation, we have:

1

O =~ mgo_l (1 + Ol,oo)
1 _
O mggl (1 + 01,2)
~ —1 1
o= gO (1 + Ol,oo)

and the m-th tensor power of (198) becomes:

—1\ ®m

SAQT (01 o | |
<W((ggl>)>) Srum = [(g011+101,oo)9<;>,9;f> + exp < /9 oV ((0) d@(l))) (109)
(Lo (00)) o8 = [ v () ) rrggeale)

9§i) N, i [
[<QO_1 — élm>egi)79§) — exp </9§“ N ((9( >) o' )))
_om
X (/ il <(9(2i))/> Wgold (9(22’))’> <g01 — 3)1700 \I/) (egi))] Sim

. /
given that Wf ((9?) > Gy ' ~ 0. Factoring by G;'! (1+011 >7 we can rewrite:

(%1 (1 _ 101@0) — exp (/:()) N ((09) de“’))) )
([ () o)) 6 () ) )

= o oo 7o) ) o) ( /() ey a2 )
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and using the following expression for G, 1
2
Gyt =~V (";ve —w™(J(0).0.2,Go) + Xo)

we have, for 02 << 1:

/\IIT ((95”)') (1+o1 % ta (6f )/ ~ v (6)) méw)vew‘l (7 (65) .65, 2,60)
=~ (0) Vot (7 (687) 68, 2,60

and the n points vertices for strong background field become:
SAQH (9(11‘)) —1\ ®m
: O1,m (200)
( owt () ) ’
; _1\ ®m
= [(1+0.2) G (1 +exp (/fz) N ((00) dam)) w (00) w (69) Vo (7 (6,6, 2. go)> )
ol
—1\ ®@m
(1+01,00)G <1 + exp (/(9(2 ) N ((9(1‘)) de@)) T (egi)) ot (95‘)) VoG (J (ggi)) 79&0’ Z, Qo)) )
ol

3.3 Interaction Corrections to Correlation functions of order (/,m) at different
points

1R

3.3.1 General set up

To find the correlation functions including the interaction corrections, we first define the compact notation:
st taq (o)) ot A (00))
st (9“’ >) S0t (e ) 5 (0< e ) 00 (9<¢m+,,>f) 5 [w ((9“”) , (9@)))}
JmAQ (9“‘1))
— T

the number of variables is implicitly (I, m — 1) in ((9“”) , (9“0). The notation ¥ (0“’“”) and Wt (G(i’“))

represent W (G(i’“)T, Zik> and Ut (G(i’“), Zm)-
Similarly:

sbm=1AQ1 (e)(i >) sbm=IAQT (9( >)
Swt (0“ >) 5@(9 )5\1/(0<m+ )...5@(9“%”) - 5[\1/\111((0 ),(9< ))]
oimant (60)
]

shmiaa) (e
We will show recursively that 5[\1}\1/7(([%”])(,(;(“*))] satisfies the relation (the index m — 1 is shifted to m for

the sake of sunphaty)

1,m l,m (7)
" AQ /K“” il 6™ [AQ] (Q1 ) ))degi)+[Xl,m (9(11)’ ((9(¢)> 7 (9“”)))}

5 [wwt ((09) > G )T swwt] ((99). (51

(201)
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where the matrix K»™ (9(“),@?)) and the vector [Xl’m (9(“), ((G(i)) , (9“”)))] have to be determined.

The derivative of this equation with respect to ¥ allows to find recursively the matrix K™ (Q(il), Qg”) and

the vector [x0 (56, ((6©0) , (61)))]:

SHLm IAQ) (9“‘1)) i SHLm IAQ) (9 ) i
5[@@ ((eu)),(a(i)rm / K 9( ! 9()) 5 (U ((9< ) (9< >T))d0§) (202)
) Smma) 0 (00 ()
S (g(ilﬂ)’r) § [Tt ((9(1')) 7 (g(i)T)) -t SW (Q(ilﬂ)T)

As a consequence, K!'t1m (9(“),@?)) = Kbtm (0(“),@”). Using the results for the two points correlation

function, we have:

Klm (9(“)’@(1”> - K (9(i1)7 Qg)) (203)

The recursive relation for {Xl’m (9(“), ((H(i)) , (9“’“)))} is also obtained from (202):

e o (o). (0)
oK (09,017) ot [aq) (o o axt (06 ((60) (91)))
B / su (07) 5w ((60). (g(iﬁ))d"l * v (661)
ok (0M,007) o' (aq) (8 .
-/ 5w (67 5 wen ((90) (e(m))dal
() ) ) )
5w (9“’“”) 5 (9}”) 5 (U] ((9@) , (9(”” ))
B 0K (a(il)’ng')) ghm [AQ)] (Qg )) i S2K (9(11)7Q§i)) si-1m (AQ) (Qgi)) i
- 2/ 6w (6001) spwwt] ((69), (ym))deé) +/5\1/ (6007 0w (67 s 1wwr] (6. (aw))‘wg)
ey 0 (0. (0)

5l—'r,m

5 SK Q(il),Q(i) [AQ)] Q(Z . 5\ i . i
- w1 () ) st )« () < 0 ). 7))
And we obtain recursively:

v 0, (0, ()
X 5 \" 0K g(il)@gi) M [AQ) 9() i 5\ o i .
B qul (/ ((Nf) 5\11((9(2‘”1)1))) § (U] ((g( )) F(Q(i))T)) d95)> M ((W) X (0( £ ((9( )> Lo )T))

+

r<li

Similarly, differentiating with respect to W' (Q(i)f) yields:
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xlHLmtl (9@1)7 ((@(n) ’ (g(i)T))) (204)
5\ 10K (G(il),ﬁ(li)) gtmrm [AQ] (Qgi)> ot
) e o)

; (g(il)’ ((9@) ’9<im+1)f))
T 5\ oK (600,60)\  srmaa) (a)
- 2l (G5 ) o oy

l

1ok (000,00)\ o0 [ag) (o)

l ' i
: (‘;;) 1<rzm% (/ (<55\w> owt (011)) ) srwwi] ((09). (aun))d(’ﬁ))
+ (6(\51/)1 W)mXM (9@'1)’ (g(z‘m+1)1>>

= crer / UK (00.07) s aa) (o) dam)
- Ogrfgl%—%:/’gm l m( 6[\11\1/f]((Q(i))’(g(i)f))5[\1,\I,T]((9<¢))’(0(,-)T)> L

() () o ()

Using (203) and (201), we can write that:

sl-rm=r’ [AQ] (ng'))

s () oy R @ (0)- ) )

where M is the matrix defined in (188):

M (9(“)7 Q?’) (206)
oli1)

= 5 (0" —0") +exp ( / () dem)) (80 (o)) ! (&)
_ (A (aw) /Ga) AQf ((9%))/) (1+ Ol,oo)(ggi))fyggi) G+ B (9@1)) /e(i) AQT ((9%))/) (1 +Ol’2)(ﬁii>)’,ggi) g))

Expression (204) writes:




and using again (205), we obtain the (I + 1,m + 1) correlations:
siHtm+ (AQ)] (Q@)
e (7). (07
= M=x ((;;)l ((géﬁ)mxlvl (9(1‘1)7 (g(im+1)T)>

(207)

o o i (007,007) ()
e 2 G (/ st (00, (7)Y o e (o), (7)) )
1<r+r’
= M=x ((;ip)l ((;S\I”L)mxl,l (9(1'1)7 (g(imH)T))
I H;m:l rll.l.!.rp! 51!7.7.1.!5,,,!

S1+...+Sm=m
0<7;,0<54,1< 7 +5;

X [%} * ..k {M * (an[);ﬁ} * X1 (6’(“), (0“”‘“”))

For the sequel, we will rewrite the kernel K (Hgi), Qgi)) in a matricial form. We use that:
1- - 1+ O 00 ) (i i)\’

Al (9@) (90’))/) = et m),) B+ )9({)’(9(1 ) _

Lo ! (]~+Ol,oc) +6Xp (71’) (701700 +y(1+0172) 7$(1+01700))

(1 + 01,2)931:)’(9@)/ exp (—z

)
B (69, (oV ) ~ gt _ _ _ _
< 1 ( 1 ) g (14 01,00) +exp(—2) (01,06 +y (1 +012) —2 (1 + O01,00))

gfl

R

and define the matrices:

B (0‘1"))

A0) = (a0f,a0), [4(6")] = ( j((il;))) ) 2 (o)) = ( B (0) )

140 D\ o 0
teony, ] = (VO wye
<) (oY a5 0 00y 0y
(1 + 61,2) (i) ! (i) 0
1+0 ol = () D
0 oy g 0 (02 oy

i A A (0‘“, 01" /) 0
_A’ (9@, (9@)’)_ _ 1 O( 1 ) ., ((9(1-))’79(1-))

SV B <9(“, (9“))') 0
_B’ <9§), (9§))l>_ = 1 O 1 . <(9§i))”9(i)>
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to write the kernel K (05 ), Gg ) (for two arbitrary times (9( R 9( )) and two associated points Z;, Z;,) as:
K0t - (—({A ()] o ()

+[B so (7)) | ]
()(() ))(’)
") Jtes (

(1+ Ol,oo)( oY 0“)] (208)

1—|—O12 9()>g

so that its successive derivatives become:

5w (01,05) 7 [a0) (67) o (61— a) 57 (a0 (617)

§ [UW1] ((9(1‘)) 7 (9(1%)) =[] (Géi)) 5 U] ((9(1‘)) , (0(1)1)) 5 (WUt ((Q(i)) ’ (0“”))
JfC R )

i (7). 7)) s (). ()

5 [AQ)! ((eg)) )
C @Ry

(1 + Ol,oo) (Ggi))/79;i)‘|

3.3.2 Strong Background field limit
5711 (9( R0
All the derivatives — T are proportional to exp (—x). For background fields of magnitude greater
than 1, the dominant term is given by the term:
S\ [ o \" : : S
M Y v x L1 (9(21) (0(2m+1)’f))
*<5¢> <6WT> ’ "

M S

L (gm’ (9<im+1>T>) (209)

with:
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| ‘ . 1+<(1+5172)(2)> +2 s (nil)'< ( )>n i1) (m
O KRl G e I )
0

_ Ltexp(—a) (=243 (v*—=%)) (@) (lim+1)t
~ ( a <(1+ol,m)+exp(r)(Ol,mw(HOl,z)m(1+01,w))) (9 7(9 + )) )
0

We can skip the variables (9(“> (9“’"“”)) since X1 (9(“), (9“’"“”)) is the kernel of an operator X .

To compute (5—\1,)1 (52:)™ X1 in (209), we write the first order expansion of X! in exp (—z) :

_ Lt exp(—a) (~2+ 5 (v —2%))
(14 O1,00) +exp (—z) (=01 oo+y(1+012)—.7;‘(1—|—0100))
~ - L 1o Lo IS S e _
~ LTl exp (—7) (@lmﬂ(?x 5Y +z> (01m+1)2 (2 (01,00 + 1) y(0172—|—1)—|—01700))
so that:

l m
() Gwr) >
~ g (5‘;)1 (5&)’“ (_exp(_x) ((31:4—1 <;x2 B ;y2+z)  (2(0100 Jrleli(ilf)jl) +017OO)>)
The dominant term in field is then:
l m
(s5) () <
- () () )

1 1 - - - - - - -
X <<2m2 - §y2 + z) (O1oe+1) " = (2 (0100 +1) =y (Or2+1) + 01.20) (01,00 + 1) 2)

Using that:
(5w) (57) w0

(1) (g;ﬁ) ((/ AQ (1404 ) goéj\;)((;g))))Texp(x))

DY (/ A (1+01.) g()(m@“)) T (/ saat (o) (1+01) gom) Sexp(—x)

ow (61) swt (6)

+terms with powers of ¥ lowered by 2

1
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and we obtain that:

() ()

m

- o PA (o)) [ paaat(07)
(-1 Zgo (/AQT (14 01,00) G - (0( ) ) (/ 5\111( ) (14 O1,00) QOAQ) exp (—x)
<(1 1y2+z) (14 010) " = (2 (1 +01,00) —y (012 +1) + O1.0) (1+01,oo)_2)
(i) (i)
Hitmgt (/ AT (14 01..)6 MQ (0 >) (/ G (91 ) (1+01,0) QOAQ) exp (—z)

ow (6) swt (o)
<2y N ;

We also rewrite K (9(1’), GS)) as:

/[AQ ( 9<>))[ 1" (o8 )5((9<>) /9&1‘))65(99))’
< ( | ﬂ [AQJ((e ))[q;ﬁ((@g))’)

(L +exp(—2) (-2 + 3 (v* —27))) 1140
_ _ 14 0100
{ R E T e e (e PRy (e TR ) PO

o 0) ) a o)

1

)(1+Oloo) !

( (o) )} AQ) ((9@)’) Ay <(0§i>)/)
At the lowest order in exp (—z) and in perturbation:
o (1o (o) ) o (67) 6 ((07) — o))
ey ()
X/ [A'(egi”(ep)'ﬂ s (09), (700

y (+exp( )( z+ 3 (
(1+O1,oo)+exp( )( 0100+y(1+012) (1+0100)) 0

(1 + 0172) (Ggi)),ﬁgi)

0 ~

(67 05"
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As a consequence, the dominant part in powers of exp (—z) of the kernel’s derivatives is:

(o > <e< ) o

§l m (1+exp(7w)(7z+%(y27w2
(1401 00 ) +exp(—2) (~O1,00 +y (14012
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with:

¢

¢

1

1R

¢

o Al (99, (9@)’)
(). 67
sAQ (61" l sAQT (1) )
(_1)l+m+1 (/ AQT (1+01,00) g0<S\I/((9(i)>>> (/ (S\I/T((G((Z)T))) (14 O1,00) QOAQ)

exp (—x) (1 + 01,00)951') (1 + (y (1 + 61,2) -z (1 + 01700)))
(1 00m) -0 () (Or + (5 (14 01) 2 (15 Oro))))

. i 620 (0) AN (") i v
(—1)H+m+ (/ AQT (1+ 01,50) Go o (9(7?)> ) (/ W (14 O1,00) QOAQ) %

y exp (—x) (1 + (y (1 + ()1,2) -z (1 + OLOO)))
(1+01.00)

sbm By (eg’?, (9@)’)
(). 0

O\’ (4) m
(1) /AQT (14 01,00) gOMQ (91 ) /(M@I)(HOW) GoAQ| B (9@, (9@)/)

50 (9“)) st ((0“”))

. l ; m
sAQ (61" sAQt (619 NI
(_1)l+m /AQT (1 4 Ol,oo) go ; ( 1 ) /($> (1 + Ol,oo) gOAQ B/ (9%)’ (le)) )

m

—1
xGg

0

Go

O (i) "
(_1)l+m /AQT (1 T 0*1700) G OAQ (91 ) /W (1 + Ol,oo) GoAQ
(1+ 0172)951')7(9(11'))' exp (—)

-1
Xgo (1+O—1,OO)
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and:

shm ) (1 + exp (—x_) (—z + % (y2 - 332))) _ gt (1 + 0, )
srwwt] (60), (597)) \(1+O1c) +exp (=) (=O1oo +y (1 + O12) — o (14 01x)) h

m 1l o0 o _ IAQ (Q(f)) : SAQT (Ggi)) i
()75 (0" —2%) (/Am (1+01,00) Go " (9<i>) ) (/W((WT))(HOW) gom)

exp (—x) 4 _
_ _ _ _ 14+ 01,00
x ((1 + O1,00) +exp (—2) (01,00 + ¥ (1 + O1,2) =2 (1 + O1,00)) % ( " )> (Qii))/vﬁ(li)

. i SAQ (e“’)) Y saal (9(“) i}
S 5 (y* — 2?) exp (—=) (/ AQT (1 + O1,50) Go o (0(;> ) (/5@((0“;)) (1+01,00)QOAQ)

() 0"

m

1R

m

¢

(it e o)

so that:

(6 2

o () st ((57). (7))

= U - ) e (o) a0 (o))

I,m (1+Cxp(—m)(_2+%(y2_z,2)) . ~
|:5 ((1+Ol,oo)+exp(_$)(—01,oo+y(1+01‘2)—I(1+Ol,oo))gO (1+Ol,oo> (Qg'i))l7g(1¢)

(1 + 01’00) (egi))lﬂ(li)‘|

. SAQ (eg“) l SAQT (9@) )
X (/ AQT (1 + Ol,oo) Go o (9(1,)) ) (/ W (1 + 01,00) goAQ)

As a consequence, for background fields of large magnitude, the dominant term of (211) is:

m

ot (08, 00")
e () )
ghm {A’ <9§">, (9@)’)

[2
s
S
LS
i
~
~
=R
N
~~
=N
=
~—
vl—l
>
=
VS
D
_
N
N~
>
=
—
/N
—~
Ny
==
N
'

s (1texp(—a)(—2+1 (y2—a?
(1+01,W)+exp(fa:)(761 OCer(lJrOl,g
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~ 1 at the lowest order in exp (—z), this leads to the following expression:

Since A’ (952),9§i)7(9(1“),

= N~—

(212)

l m

SAQ (eg”) SAQT (9&“)

~ —exp(-x) ) (/AQT (1+01,00) G0 5T (9(,»)> ) (/(W((e(i)f))(lJrOl,OO)gOAQ)
~1 O12) —x O1.00 o\ L

«(f = ()

(1+01) (931'))”9(101) God (Q@)l d (Ggi))/

(1 + Ol,oo) (9(11))'}951)‘|

v 07 et o) (o)) st (7))

s (057 0)
ToﬁndM*W

the last factor in (212). For fields of large magnitude:

A (952'),9(11')7(09))/) ~ 1

XUt (95’7, (G(i”)) arising in (209), we compute the convolution between M and

(i)

= o) e (1 ((09)a00)) (30 (o) (o)

_ (A (") /9(” AQf ((0%))/) (1+ Ol,oo)(ggn)/’g(li) Go+ B (0") /9“) A <(ag))'> (1+ 01,2)(251_)),&!,) g0>)
0 (Hgi) —QY)) + exp (/e(i(f) N ((g(i)) dg(i))>

x (AQ (7)) w' (87) - a0 ((61")) /m AQf ((9%))') (140100) (o g0 Qo>

5 (01 - 0"

A ((0(11))) /m AQT <(0§i)>,> (1+0100) (Qu))’,g(z‘) Go ~ AQ ((agi))) wf (Qgi))
(AQ ((65)) w (57) = a0 ((657)) /m AQt ((9@)') (1401,5) (6 g0>

1

1

since:

and:

108



is of order exp (—z). As a consequence:

¢

1R

1

S

TP ((9“) (g(i)’f)> Xt (Gg),(g(i)t))

ot K (08", 6f )> 5AQ( 7
[5[ 0

(CORCD) KO R
(—1)l+mexp(—x)z(/Am (1+01,OO)QO§AQ(9,Y))) (/ MQT ) (14 01,%) QOAQ>

5w (o) sut ((691))
x ([go-l (v (1 +OE’12>+_0T,S)+ Ol’“))g] Q] ((9 ) ) aq) ((95 )
620 (61")

+% (v? — %) [AQ)] ((ggz))') [AQ)]f ((egz‘))') (1+ Ol’“)(eg”)/,eg”D Go o (0( )) d (Qy)) d (95 )

. i 620 (61") VRN (6) i "
(y* —= ) (=)' exp(—x)z (/ AQT (1+ 01,50) Go o (0“)) ) (/5\111((6(””)) (1+01,0) gOAQ)
<[ (141 ) 120l (o)) ey (o)

s o e i 6a (61") 6a01 (6) )
(y* —2%) (1) " exp (—2) Y (/ AQT (1+ 01,00 Go o (9“)) ) (/ o ((0“”)) (1+01,DO)QOAQ)
< [1aar ((09)) el (o (213)

1—|—O1oo 9(

N | =

l

DN | =

and (212) can be written:

sk (0,00)

S (). ()

SAQ (95")) SAQT (9@) i
~ o (/AQT (1+01) 6o 50 ((9(0) ) </ 5@?((9(01)) (1+O10) gOAQ)

%(y » )/[AQ] ((9§i>)’) aQ) ((9%’))’)

M %

XU (95“, (0””)) (214)
l

m
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Gathering (210) and (213) leads to the strong background field approximation of (209):
ot aqe (o)

oTew (7)) v

. L1 g (g0) gl
- () () o)« o T o)
A0 (07 ) sa (690)\ [ saqt (o)) 7 "
= %(92*932) 0 ((9(;)) (/Am (1+01.50) Go (1 )) (/ Sut ((9<1))) (1+01,oo)90A9) exp (—)

—&-1 (y2 — :U2) exp ( /AQT 1 + O, ) Go 0a% (9§Z /(M@g)) (1 + 0, ) GoAQ o
2 T sw (09) swt ((001)) ~
x/AQT/AQ

Additional contributions to (207) can be considered. We consider r products of (214). Using (215), each
term of this product is given by:

ST K (egi)’ 9&”)
T (CONCRD)

e o ()’ o) Vamempesomes)

X%(yz—f) <sw((e<i>f))(l+01’°°) Go [AQ)] (95“)/[AQ] (e >) (14 01.00)

san (00)\" [ st (o) |
exp ( /QO(/AQT (14 01,) 5\11(9 )) (/(Wr((e(i)f))(lJrOl’oo)AQ)
1

%3 (v —a;)[AQ](e )[AQ] (9 )(1+0100)
where > I, =1 and Y m; = m.

SAQH (9(1)> i i JAQ (g(i))
) [ 5‘1’*((9(;)) (01 39 (617) [ 189" (47) (1+01.0) 50 (0“‘1’)

(v* ~ =) [a0] (07) 120" (65")

where >"1; =1 and Y m; = m. The successive convolutions multiplied by X! (9@, (9“”)) yield:

. . 62 (601) AN (87)
<2 (v? — ;ﬂ)) exp (—rz) (/ AQT (1401 0) 11 ) (/ o (0(;> (14 01,00) AQ

M %

mg

1

1

~

m

m=

<AL [f (w91 @) 10+ 010100 0.
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the integral of the product being on the 2r dimensional simplex ), < 6,,.1. In first approximation the sum
of these expression can be replaced by:

A\ (i) "
(/AQT(lJrOl,OO)MQ@p)) (/(MMHJFOLOO)AQ)

S (9“)) Swt (aw)

X oxp ((y2 _ m2)26><p(_9€) (/ AQ)f (9;‘)) [(1+O1.00)] [AQ]))

st age (01"

That is, the expression (214) for (CDGER) is multiplied by the exponential. At the lowest order in

exp (—x), the (I, m) points connected correlation functions are obtained by the convolution of this expression

sa(6f”) -t

with (1,1) propagators <N(9m)> . At the lowest order in exp (—z), this leads to:

¢

1R

-1

L -a?) (%) h (f20'(1+010) g())” ([ a+0u)dune)”
([anrnsoma) (foroase))
xexp<(y‘$ exp (/ (6) 1+01,oo)][AQ}>>
(& I R
")
“

(o (o) (v (( ) )

xexp<<y2‘ ([ iaal (7). 1+ol,oomm}>>
3 0= (v () (# (())")

<exp (@2 ~e D ([laaf (47) 0+ 010 M))

Additional contributions are obtained by convoluting the connected vertices of lowest order. Each of this
convolution adds an additional factor:

exp(—x)/xlﬁ ((617))w ((68))

There are up to m — 3 factors contributing to the connected correlations. The contribution of each term
including the factor:

(exn o) [ (09))w () )

are identical. The number of such contributions, written A; ., ,, satisfies:

-1
Al,m,p = gAlfLm,p + <l + p2> Alfl,mﬁufl (216)
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Actually, differentiation with respect to [ of a connected graphs with [ — 1, m external lines and p— 1 internal

- Li ; . —_ m
- v poa(o)\ T smaan(6) ( rana()y T\
lines and p factors of the type: X, p,, = W e ) ()] e vields

two types of contributions to the graphs with [, m external lines. First, due to the heaviside functions in
the propagators, it yields in average § graphs with p — 1 internal lines. Each of them is built by adding an
external line to one of the X, ,,,.

The second type of contribution has [ + m external lines and p internal lines, p factors of the type:

—1\ M1

san (0)) © simage (o) 580 (o)

w)) ) T e\ e

and.one three points vertex:

Xlz‘,mi =

620 (61) M\ sage (o) 580 (6)
w0)) ) @) G\ e

with I’ +m’ = 3. The insertion of this three points vertex arises in average at one of the [ + pT_l lines at
the left of the initial graphs.
Similarly:

-1
Al,m7p = gAmel,p + <m + p2> A17m717p71 (2]_7)

Asymptotically, (216) and (217) yield that

—1 -2
Al+m,p ~ (m + p2> (l + pZ) Alfl,mfl,p72

ively:
and recursively (m+ﬂ)'(l+u)'
2 ) 2 J°
mli!

Al+m,p ~

Given that the sum over the permutations of points involved in the (I, m) correlation functions are m!i!, this
yields for the connected correlation functions:

oo (02 (0 () (2 ()" o) s

(0= 5 LD (o [0 () w (7))

—~ (I'm!)?

with:

and where a sum over the permutations of the sets of [ variables and m variables respectively is understood.

(m+271)1 (1251

For p - m + 1, ! behaves as exp (ap) and:

(I'm!)2
m—3 p
~ ex —\r—« T gi) gi)
R0 = 3 (ew=omay [ ((0)) ()

1

1—exp(—(z—a)) [ Of ((05”)) NG ((99)))

1R
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Including the corrective factor Fj ,, (V) leads to the connected correlation functions:

. l . m
Fim (V) ( / AQT (14 0100) MQ(Q())) ( / MQT(G()) (14 01.0) AQ)

6w (6) swt (o)

X eXp ((y2 _ x2)2exp (—x) (/ [AQ]T (952’)) [(1+ O1.00)] [AQ]))

Ultimately, we can derive from (218) the (I,m) points correlation functions:

-1

620 (o) " inf(L;m) k saq (o))
() 6l,m+ Z Z Z 150 (HFsi,ti (\Ij)> ((W(M)

K2
o (9()) s=0 k=1 s1>.28:20,t13...21k i=1
si+ti=>1,> s;=l—s,> ti=m—s

DGR
[t () o ) o ()

X oxp ((y2 B 332)2exp(_9€) (/ (A (99) [(1+ O1.00)] [AQ]))) (219)

3.3.3 Weak Background Field

For background of small magnitude, the correlation functions for I # m are negligible and the dominant
contribution while computing;:

((5>l<5>l 1—|—exp( )( z+ ( 372)) (220)
o 00t ) (14 O01,00) +exp(—2) (<0100 +y (1 + O12) =2 (1+O1,00))
is obtained by replacing each derivative %% of exp(—z) by 1 + 071_,00 = v. Thus writing % for %%,

l 1
the operator (%%) can be replaced by (exp (—vz) % + a%) where U = exp (—z). All references to the
2l points arising in the functional derivatives can be skipped and reintroduced at the end of the calculus.
We thus compute:

o ! 1+U( ( _x))
((exp( vz) o+ 333) (1401.00) +U (<0100 +y (lzj- O12) -z (1 +Ola°°))>

U=exp(—vzx)

1 .
The operator (exp (—va) % + %) can be found recursively:

o 9\
—vexp (—vr) U + e

i ak on— k 8k on k—p

= <exp(— )8U+3x> ZC exp —kvx) 30 9=k Zank —v) exp(—kyx) JUF Ban—Fp
ak an+1fk
= Z n-l—l I/ eXp(—kyi)mW

ak-‘,—l 8n—k—p
+3 " al L ()" exp (= (k+ 1) va) U 9 Fp

ak anJrlfk:fp & 81@ anfkfp
OUF dpnti—k—p kay, i, (—v)" exp (—kvz) AU Hpn—F—p

_ Z CE ()" exp (—kva) ot ot
" oUF gxn—k

+ay, (—=)F exp (—kvz)
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and the coefficients a® , satisfy:

a£+1,k+1 = ai,k + aZ7k+1 (k+1)al Gy, k+1 —(k+1)CEt5,,
Remark that the expression to differentiate in (220) rewrites:
1+exp(—z) (—z+ 3 (y* — 2?))
(1+01,00) +exp (=) (01,00 +y (1 + 012) =2 (1 4+ O1.20))

LU (24 (0 - )
(14 01,00) +U (01,06 +y (1 + O12) =z (1 + O1,00))

1 7(1+Ol_,oo)(jz+%(y2—xf))
(2 + 3 (s ~a2) N (0 1(140.) (170, 2))
(w016 +y(14+012) =2 (14 01,5)) (1401,00) U (01,06 +y (1 + O012) =2 (1 + O1,00))

and its k th derivative with respect to U becomes:

- A O (- (O +1(1+01) =2 (1+01))

(1 + 01,00) +U (—01,00 +y (1 + 01,2) - (1 + O1,m))k+1

This is of order k in perturbation: it involves terms of order % The dominant term in perturbation is thus

1
for kK =0,1. As a consequence the operator (—1/ exp (—vx) % + %) reduces to:

ko gl—k k+p ok 9l—k-p
ch —v) exp —kvz) aUka s —|—Zalk eXp(—kVﬂf)WW
o o o1 o o—-1-»p
= gan e () 5 G ”Ze"p *) 50 9 p;og
a=p
o g o1t P+l g o—t-»
= w—luexp( 8U8 AT I/Z e exp(—ym)@iaxl_l_p

But, we note that in the expression:
il 1+ (=2+3 (v —2%)
92" \ (14 O01,00) + (01,06 +y (1 + 012) —2 (1 + O1,0))
-1 (_0O ) _ 1 ) — (1 ) _ 12 _ .2
ey 2 O £y (14 012) (14 Ou)) — (14 Ov) (253 47 =)
Oz (1 + Ol,oo) + (_Ol,oo + Y (1 + 0172) - (1 + Ol,oo))
1P (01,00 +y (14 012) —2 (14 01,00)) = (1+01,00) (—2+ 5 (¥ — 2?))

—v Cp+1 exp (—vx) A ) ) )
Z ( Orl—1—p (1401,00) + (01,00 +y (1 +O12) —z (1 + 01,00))2

8"( Lt (23 (0~ ) )
0" \ (1+01,00) + (01,00 + 9 (1 +O12) =2 (14 O1,%0))

gi-t-r (—01,30 +y (1 + OLQ) -z (1 + 01,00)) — (1 + Ol,oo) (—Z + % (y2 — ;CQ))

—v C"H'1 exp (—vz — - ~ —
Z (v2) 51 (14 0100) +U (<0100 +y (1+ 010) =2 (1+ 01.0))°

and:
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8171717 Ol,oo
Jgl=1-p (140100) + 0100 +y(1+012) —z (1 + Ol’oo)>2

. ol-1-» y(1+012) + (2 —2) (14 01,00)
Oz 1P (1404 00) + =01 00 +y (14 015) —2 (14 05 5))°
1o (140100 (v* —2?)

2 9pl—1-» (1 + 01,00) + (701700 +y (1 + 01,2) -z (1 + 61700))2
g y(1+012) + (2= 2) (1+ 01,
0TI (14010) + =010 +y (14 012) —2 (14 01.0))°

L oi1n (1+01,0) (4 — 2?)

—Eax171fp ((1 4 Ol,oo) 4 _Ol,oo +y (]_ 4+ 01’2) —x (1 + 01,00))2

((1 +012)" = (1-2010) (1+ Ol,oo)) ((1 +010) = (1+ 01’00)2)
(14 01,00) + 01,00 +y (1 4+ 012) —z (1 + @LOO))lH—p

1 pi-2-p (140 (1400) - (1401x)°)
2 2 (14 0100) + =010 +y (14 015) —2 (1+01.0)) 7

—2—p

12

l—1—p

As a consequence, the dominant contribution is for p =1 — 1:

O T T -

6W ) \o¥t) (1+01,00) +exp(—2) (01,00 +y (1 + O12) —2 (1 + O1,o0))

) (01 3 (14 01) =2 (1+010x)) = (14 Onc) (=2 + 3 (5 = 47))
(1+0100) + (~O1oc +3(1+012) — 2 (14 01.x)))°

~ (—v) exp(~va

In our order of approximation A (9§z‘)> <1
K (67,05)
_/ <<[ 9() T( 9<1 ) 1+Ol’2)(9$>)’,eg)bg0>d(9§i))/d(9§))/

+[AQ] (9@ 9“ 95“)

1

1
—
Q

o
—
e
=
=
N
—
)
S
=
~—

and in first approximation (207) becomes:
1,1 i) (i
S AQ (eg”,eg ’)

i (7). 7))
!
Y ((;;) (5\;) X11<9<) (Gu)f))
Llge 1,1 , .
+ [M* (;S[\I“I’TJ * ...k {M* 56[\11\5:}] * X! (egl), (egm))
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For weak fields M ~ 1 and X"! ~ G;''. As a consequence:
o Han (o)
st ((09), (0))

@mw (0. (0) + [ [ - (47 (07)
ool (P ) o)
R U (CORCED T (D
( O1

oo+y(1+012)—$(1+0100))—(1—‘,—01700) (_Z+%(y2—x2))
(14y(14+015) —2 (140 4))°

l . .
+ H ( 9( H 9( )) & 1(9@)1)’(0?)) - gal (1 + 01,2) (agw)’(e(i)) & gal (1 + 071,2)(0(1-)7)’(9;1)) go) d (ng)) d (gg))

~ (- 1)l+1 (G5 # (14 01.00)) % G501 0

1

1

x exp (

where the symmetrisation over the variables is understood. To find the connected correlation functions, we
proceed as for the strong field case. The connected vertices are convoluted with the propagators Gyg. The
term of lowest order in perturbation for the (I,1) correlation functions is:

— l_ —
(=1 Go & (14 0100) #Go) ™' © 01+ Go
and including successive corrections:

(1) G0® (14 010) #60) ™' 01+ G0)
+ Z ( go @ ((1401,00) * go)®l172 ® O1,00 * go)

li+1l2=1

*Go * <(—1)l Go (/ (1 + 01,00) go>®l2_1 O1,oog0>

+..

The convolution of the two blocks with Gy being performed on any external point of these blocks. The
previous expression can be rewritten:

(1) Go@ (14 0100) #G0) ™" © 01, % o)

k
_1)l Z Z H Z *<{Jlom} (gO ® ((1 + 0100) * QO)®lm_2 ® O_l,oo * go)

k22 b+ Hlp=l m=1 {im}
S0
1
= gg)
where the sum over *é "} denotes the sum over all possible convolutions between the different blocks:
_ ®lm72 _
(go ® ((14 O1,00) *Go) ® O1,00 * go)
Two blocks are convoluted on at most one variable. The convolution are performed by insertion of a

propagator Gy between the blocks. The expression for the connected correlation functions induces the full
correlation functions:
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IDIIC DD | [
D,k

Lo, S lp=l—p k

= g+ Z )P Z H (((—l)l" Go® ((1+ O1,00) * go)®ln_2 ® O1,00 * go)

ln, 2 lp=l—-p n

EDINEDS H >l (Go@ (14 010) #G0) " P 0 010+ Go) | @657

k22 1+ Hl=l, m=1 {lm}
*So

Appendix 4. Estimation of 1PI graphs contributions and minimum
of the effective action

The previous computations gave the form of the correlation functions once the minimum of the effective
action is known. To find this minimum we have to write directly the sum of 1PI graphs, and to find its
minimum. As before we first compute the sum without inertia coefficients, and then with the inclusion of
these coefficients.

4.1 Without inertia coefficients

We write the sum of 1PI graphs. These are the graphs that cannot be factored into product of subgraphs
between 2k and 2n — 2k points respectively, with k& > 0 after cutting one edge and that are amputated from
the external 2 points graphs. In this section we will consider non-amputated graphs, removing ultimately
the external legs while computing the effective action.

We define the minimal graphs as 1PI graphs decomposed as a product of vertices:

E“‘i“((Z“l@’{Zkﬁ?;}’-~-7155)’{Zk52i>}>i_1 ) =TT2 (7 {2} 00 00) 2 (20 {700}

that are connected, and such that removing one of the vertices turns the graph in a not 1PI graph. The 1PI
graphs are those that can be factored by a minimal graph. The factorization is defined here by a convolution
product in the 2n time variables between graphs with 2n external vertices. The precise form of the minimal
graphs will be given below, but it is enough here to state that for p; = 1, the valence [; is equal to n — 1.
For p; > 1, one has ) zﬁ” = n. The factorization by a minimal graph amounts, in the computation of:

PO m
%(El,n(zh{z b 00, 60)) " = (/m S (20,609,125} ) doC )

to replace one of the factor = , (ZZ7 {Z; }3751 6! o 0) by Egll) (Zi7 {Zkﬁ} ,91(?)7 95}')). There are m possibil-

ities to do so. Thus in the computation of the connected graphs, the term:

.....

o o)

is replaced by:

= (22 10000 (B (2042 0000.0)) " (221)

and similarly, the introduction of:

Egll) (Zz'7 {Zkgll)} ,91 ),9( )) Eglpl) <Zi, {Zk_“ },051 ,19(z )
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implies a contribution:

#Eﬁll) (Zi, {Zk;v} 795i)>9?)) Egl“) (Zi’ {Zk(m)} 7911)7‘9

Ultimately, we have to take into account n external propagators. The dominant contribution at the lowest

) G (2120 0000))

order in perturbation is obtained by factoring these graphs:

Lipr ((Zia (ez(i)’eg”i)))n)
S 2
P1omsbn z(l”,{Zkglg}""’l’(”i’?)’{zk(-p-i)}

>, (lg”+“.+l;’;>):;
out

X | I (eXp _1 n (ZZ? {Z }]751 » Ve ’G(Z )) ﬁ (Egll) <Z“ {Zkélz)} 79§i)’ 95(1))) Kiﬁl)
k=1

1,pi 70
out oxp (~ (3,09 - 5
(4) of) P ! J=1"f j=1"1
X}j[ 1+ (exp( 1TL(ZZ,{Z}H517 ; ,0 )) 1) A X An
Including the other perturbative contributions is straightforward. The sum of 1PI graphs becomes
L1p1 ((Zz', (9?),9?))) ) (222)
vout
_ 5, PO =) (7 17 4 g pl) of?
- Z —1 (Zza{Z }_77517 '3 79 )exp (—‘1 (sz{Zj,]il}vei 79f )) Tl
vout
_ ) n ) n )
XH 1+ <exp (El’n( {Zm}m#,Gg] , ))—1)% x A"exp | — A1 ZG&J)—ZQ?)
j#i ! j=1 =1
+ 2 >
P1s-5Pn lﬁi)7{2k(1> }7'..’l;i)){z (03) }
3. ky
. (zgi>+...+zg>):n
) ) Vout
- P (1o ()
[T { (o (2 (@0 ) L) (2 g ) o00) 2
i,pi#£0 k=1 - 1
vou _A ( n ) _ ()
- (&) exp 1(>5_, 0 Z 1 0;
< I 1+ (exp (El,n (Zl-,{Z Vs ,95”,9(”)) 1) - x ( d 1A£ s
i,pi=0 1
§ Ej ) and O(fj ) should

The last sum is implicitly constrained by imposing that every propagator for Z, between 6

be connected to at least one other points Z, .
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4.2 inclusion of inertia coeflicients

The connected graphs can be approximated as before apart from some modification in the sum of connected
graphs . By a similar reasoning that led to (221), the sum (159) is replaced by:

out

< n 9() =] n(Zu{Z }J;m’e(‘)’egj))
A1

(m— )_<n) ( OIFON IS PIONIS) D
Z , Z , 9 s 9 ) f=n (Z s Z ) 5 9 )
Z>:0 m! i:{Zj,5i} . 0; {45} J#i 0: = Ein (Zi’{z Vizio 000y ))
£ _Cn + ‘9(1) 9(1)
f 7
) gm ”Yl)(Zi,{Zj,j¢i}x95i)’9§‘i))
1 2 M o) | 2 Ho T 050"
En Zi7 Z“'L 791’91) E (Z“ Z ’ 179 ) 1‘ A
+ Z>O (m)! 1 ( { 7,37 }.0; { } A (n) é(ln)(Zh{zjd#i},gil),a(fz))
P "+ D _p0
606

The (m — 1) factor in the first term holds for dispatching the insertion = ( (Zi7 {Z; 4} 6" G(Z ) at the

m — 1 first positions, leaving the last one for derivative factor. The Second term accounts for inserting
égn) (Zi, {Z; 2}, 91(-1)7 953)) (with derivative) in last position. This leads to the following expression for the
sum of vertices:
out =~ (1) (1)
o, Vi ) o (Bin (20 AZ5},00,017)) =1
=S (0 = 00) R (2 2w 00.0F) A WO
) Zin (20 AZ5};00.017,61))

exp (éln (ZZ-7{Z }J#,Ggl ,9( ))) 1
(Z“{Z }Hél7 11)79( ))

+&{ (Ziv{ij;éz},@ﬁZ),G“)) exp (E (Zi,{Z }#1795079(@)))

[I]>

out

00 E1n (Z5Z5},4,,010,01)
~Cp + 3t 65—

_ =T (Zi,{Zj}j#i795i)79;1:))
_Cn + 9?)_9(_1')
] i

X

and this expression can be also written for later purposes:

out

_QXZ) (9?) - 91@) + 1;’51 H(n (Z“{ZJ J#Z},@Z ,0 )

out
+ Cjin) (Q(Z — 9(1 ) /ii:) =(n) (Z“ {Z] g;éz} ’ 91 79(1 )

exp (Hl n (ZL, {Z;}; 00 zl)ae )) —1-Z1, (Zi’ {Z; }J#’HEZ ’9(1 )
51,n (Zi7 {Zj}jgéi ) 997 ng))
+&{m (Zzw {Zjjzi} .0, 90))

X

out

00.07)) ~1\ Gt o2 Ein (20007 07)
f 1

) ) exp = ZiAZ;} 2,0, @ _g®
% exp( (ZZ,{Z }Hﬂ’ lz 79(1))) - (A ( J#i L . 0 Ql(i) ~
=y, (ZZ, {Z }j;éz’ i ,9; ) _Zn n Z1n (Zia{Zj}j#i’gi Oy )

G(fz)79§1)
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For ¢, >> = (ZZ, {Z; £}, 95 ), 9 ) this expression reduces to

out

- s (i) (o)
—Cp + o) “1*"(Z”{Zﬂ}j¢i79i ’gf)
n Aq Ggf) 0(1)

= ) (1) g(d)
¢ L (242,00 07)
n 07—

égn) (Ziv{ J?él}’gz 79( )) €xXp (~1 n (Zu {Z } G#i z )79( )))

and we will use this expression to estimate the various contributions, coming back later to the full expression
for the vertices in order to find a precise expression for the effective action. The sum of one particle irreducible
graphs becomes thus:

Tips ((Z (95.“, 9?))") (223)

- vou.t
- i ZE1n (Zi>{Z }Hgl '95 )79( )) 951)

n (i) (i) A
_ am) (o, cr oy gl gl 0y —0: ' PIORPIO)
- | (s 000) T e (B (112,000
i _Cn + s
9(f> —o™
= Ein (Zj:{Zm},n#,-ﬁgj)v@;j)) v:;
X 0 —Cp + 006 Ay
X H 1+ (eXp (‘:‘1,71 ( {Zm}m;éj 791 7 )) - 1) ~ =, . {2 ,0(]-)70(?‘)
i Z m#j f
J 7(77, + 9(1) 923)
exp (—Al (2?21 G;j) - Z] 1 (95] ))
X in

= D a0 VO
;L E1n (Zi425},,:00.01) o

Pi l(j) ) ) _Cn 0D _g® A
SER (2 {20} 00,61 o 1
Pt i = Eun(Zid25%,,08005))
- *Cn + 9 _p0)
f i
_ Ein (Zi,{zj}j#,eﬁ“,e;“) VZ?ZS
0 —Cn T+ 50— A
T 1 | (o (B (21200000 69)) 1) —
H + exp 1 { }37'5% i _ Ein (Zi,{Zj}j#i)ggﬂ,.g;z))
i,pi =0 —Cp + D _p®
0y =0
—A n a(j)_ G(J)
exp 1 Zj:l f ZJ 1Y%

X A

él(liﬂ) (Ziv{Zk;?g}v@f),@ ) él(z,‘;”) (Z { k(k)}795)791)) /6( : (9. _01@)
émm((Zul§)7{Zkg}g}v-wlé?’{Zkgin})i_l n) == (2:.{ k<1>}70§),9“).é§l’“i)(Ziy{zk/(_p/i)},eﬂ,a( )>

3,0
The sum of graphs can thus be decomposed in a sum of two terms:

Cupr (2 (60, 95;‘7))“) =7 4 1™ (224)

with:

.....
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4.3 Effective action

Having determined the sum of 1PI graphs we can write a series expansion of the effective action for an
arbitrary field U. Actually, the 2n-th order contribution to the generating functional is obtained directly
from (222):

A (\Iﬁ (9(“, Zi> 0 (0@, Z,L-)> (225)

L1 (0 2) 35w (2 (01097,

P (-1 (Zj—lﬁf) -¥07)) Go'w (017, 2,) o6 az,

where G, ! is the inverse propagator whose role is to remove external legs of the graphs. In this paragraph,
we change the variable Gy W (61", Z;) — w (617, 2;) and w1 (61", 2;) G5 — w (617, Z;). The impact of
the factors G ! will be computed once an expression for the effective action will be found.

Using (224), we have I'1pg ((ZZ-, (05”, Gy)>) ) = Zn>2 (Tl(”) + Tz(n)), so that:

v, (qﬁ (953), Zl-) 0 (e)g“, Z)) — 5, + 5,
where:

5 Z/\IJT 9() Z 7t )%exp (—A1 (Z?_lAef) =2 0, )) o <0§¢)’ Zi) de;i)del(i) (226)

n=2

The generating functional is obtained by summing the lowest order contribution (222) and the terms (225).
It has the form:

1L [o @ 2) Ve (v (je e, 2)) w6, 2))]
51wl S

—%qﬁ 9, 2) (Vg v9> (0, 2)+

(227)

1¥(0.2)1>=G0(0,2)

—i—oz/‘\I/(H(i),Zi +ZV (\Iﬁ( f% Z) w(egilzi))
As computed before:

L [o[wr (0.2) Ve (wt (1% 0.2)P) v (6,2))]
(W V) 2 5P

‘\P(O)Z)P:go(ovz)

(v@ ve) 5 [Vow (7(0),0,2,60 (0, 2))]

AL (w_lfsﬂjfe’ 2Dy 0.2

1
2

!
2
|‘IJ(‘9’Z)‘2:g0(07Z)

—% (vgajv@> + % [Vow™' (J(0),0,2,G0 (0, 2))]

12

where w™! (J (0),0,Z,Go (0, 7)) is solution of:

T(Z,Z1)w (9 - L—fl‘,zl) w (“W) ) A
Z
0.2 = N/

w1221 7,
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The potential }_ Vi, (\IIJr (Ggf), ZZ-) , U (9%1’), ZZ>) is the sum of 1PI graphs I'1p; ((Zi, ((‘)Ei),egf))>n> =
Y ons2 (Tl(n) + TZ(")) (see (224)) multiplied by:

n

A - (@) g (3) 2n
X T eXp —A\q ZOf —Z@i [P
j=1 j=1
As a consequence, the effective action as a sum of the classical action and two higher order terms:

2
+ 51+ 5,

(228)

We will see that for % of order 1, the term S; dominates. For this term, only the contributions for small

n are relevant, the others are dampened. For % < 1, both terms S; and Sy a priori contribute, but the
,—\(n 1)

(W) = f%qﬁ 8, 2) (vg (Vo —w ™ (J (0),0, 2,0 (0, Z)))) \II(Q,Z)Jra/‘\IJ (9(“,21-)

contributions involving the derivatives are dominant in S; since they are of order = , while those coming

from S; are of order :( n) We show below that S5 can be neglected with respect to 51 to find the saddle
point.

4.3.1 Estimation of S; for an arbitrary field

Using the previous form (228) of the effective action, the first term S; writes :

P (_Al (Z;L—l ngj) - Z] 1 95”))

ex _
S HW*( V. 7) i
nz2 n!
= Ea(Zid25),,008004)) VO;@
(4) =(n) (i) p(4) C" + Q(fi)_eg i) Ay
XGXP( (Zz7{Z }J#L’ i ,6 )) =1 (Ziv{Zj,j#}vez ,9 ) = : (i) (i)
= B (Z0425,,,000.00)
7Cn + 9(¢)76(i>
= B (ZiAZm Y gy 00 ,05) v
—Cnt 56 A

T o a0 0p) ) T | e

e —Cp 69 —00)

The coefficients = Hl (ZZ, {Z; 2}, 95 ), ol )) .nclude product of heaviside functions H (Q(i) — ) — LCZJ‘)
We want to approximate the products of terms for j # ¢. We assume that —zn and El,n grow approxima-

X . v{)ut
élvn(zj,(zm}m#,egﬂ,egﬁ)) o()
—Cnt o) A1

depends weakly on n and can be replaced

tively at the same rate, so that —
y ) S (2 T g 00 0P

—Cnt PO

by its limit for n — oco. We also replace in the product the terms éln( {Zm}m#, E]) 0 ) and

El,n( Aty 107,08 ) by their limit Z; o (Zl,agﬂ 0y ) and = o (Zj,{zm}m#, 0,6 ) Asa
consequence:

- . NN Vout _ vou
. Eim (Zj,{z,,"}m#,egﬂ,9}“) o) o Eree (20 9<’>) m
—Cn T+ e Ay -+ ey Ar
o B2 20y 0005)  E1e(25,0909)
—Cp 0060 —C+ T 00
J z K
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This allows to rewrite:
= G @\ VI
Ein (Zj’{Z’m}vn#j7GiJ 79f7 ) e(ij)

—Cp + D Iy
. ~ . . GJ 70] 1
wl (09,2;) [ 14 | (ex0 (210 (25 AZm by - 07,609)) = 1) i S—
/ f o4 + exXp 1, ]7{ }m?fJ? i 27 f _ Elm(Zj,{Zm}m¢j79§J)79(fJ))
—Cn + 0@ g
! i

X exp (—A1 (9535 - 957))) v (9?)7 Zj) dz;

_ . . vout
El,m(zj,eﬁﬂ,e}”) o)

—C+ D g A
N t(0G) o 2 W ONOMN 0 '
o~ /\If (Gf ,ZJ) 1+ (eXp (-—dl,oo (Zu@i 05 )) 1) B él,w(zj,eﬁ”ﬁ(f”)
_CJFW

X exp (_Al (955) - el(‘j))) v <9§j)v Zj) dz;

out
= /\Iﬁ (09, 2;) | 11 (25, 2,09,09) + 12 (23, 2,6%,61) %1) v (09,2;) dz, (230)

where:

e (B (769 9DY) —
m(2,2.69.07) = |1+ o (Hljiz(jzga:>j;f]>))> ) exp (= (65— 01))
R

210 (2,,09,69 _ , 210 (2,69 09
(GXP ((‘4 + e(“—a()f)) (67" - 95”)) - 1) BBt ) o
f i I i exp (—Al <0§£7) _ 95])))

59 g _
H, (ZJ,Z,Gf ,0; ) = - élm(zj,a(”,e(”)
(e
f [

The function H <Zj, Z, 95;7), 95”) represents the average dependence of Z; in the whole system. We define:

2 RN OO
e T (Zwe{%Z)Ji#alg}j)’el %) (231)
) S0 (Zi{Z 25} ,0%, 6%
o0 (Z""{ZJ}J‘#) - - ( G(fj;]#aﬁj) f>

In (231) the quantities without time are averaged over 0?) — Ggi). In addition to that, we can also consider

the averages over the {Z;},; and define:

. Z1o0 (ZiAZiga},07,61)
Sreo (Zi) = 00 _ o) (232)
! @ {Zj,5i}
21 (212, 525} ,09 0D
= Eioo (Zis 1452t >0, 0%
e (Z) = 09 _ )
! i {Zj,5:}
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As explained before the term = ”(n (Z:;, {Z j;,gl}) includes product of heaviside functions. Quantities éﬁ”) (Zi,{Zj,j2i}),
E1n (Zis{Z; j£i}) depend 1mp11(:1t1y on 0% and §9). Then, (229) writes

S1=3D /\Iﬁ 0. 2:) (233)

n>2 i,j

o (ZZ,{Z“#Z},HZ : )exp (( A +E, (ZZ,{Z }m)) (9“’ _ 95”))

g Bl 0N TN

. = Ea (2042500 .09) v (Gi ’Zi>
—Cp + oo
out

xH/\lﬁ 2 j H, (Z 7, 9;’,9§J)+H2 (Z Z, 9/’,9?) Kl) w(9§j>,zj) dz;

J#i
it allows to rewrites (229) by taking into account that there are n possibilities to attribute Hg ) to a point

S~ 7; (n%l)' / ot (09, Z:) exp (<A1 +Zun (26 AZ5}5) ) (61 - 617)) (234)

_ veu
10 (20025},400,07) gt )

—(, + D _p0) A
ST Rk = e A
x Zi{Z )0 v2
zv{ ]J#L}a i B §1771(Zi,{Z }Hé1 05)9()) i 4
_<n+ 0(1) 9(’)
f 1
out "

() _ . . .
A91 H (2;,2,09,69) | w (60, 2) dz;

x /\Iﬁ (e(f”,zi) H, (Z Za;”,ez(“)

4.3.2 Estimation of S; for an arbitrary field
The contribution of Sy can be computed similarly to (234) under the same assumptions and approximations
The difference comes from the insertion of vertices at different points in (222). To each factor:

(o (o (i ) 1 (5 (0 ) ) )

is associated a contribution:
/\IJT (69, 2:) exp (=81 + 0 (20 AZ2,) ) (6 = 617)) (ﬁ El( (20 (Zygu} 0.6 >>>

out

Hin <Zi7{Zj }jyéi’egl)’ey)) egi)

—Cp T+ D0 N .
Oy —0; (%)
X = OWO) U 91 ,Zi
. E1n (Zi425},,:00.01)
n 060

=(?) (Z { k“)}’ggz),o“)) the lowest

We first compute the contribution for p; = 1. Assuming p vertices =,

part in perturbation theory is obtained for > 1) = n. by sharing the n points among p vertices. Once the p
vertices are given, the connected contributions are obtained first by distributing the remaining n — p points.
1) — lg; to Z,. We have > (l(z - lE;))) =n —p. There is:

(n —p)!

(1) _ (1) (2)_;(2) (p) _;(P)
Cl l(1>l l<1) Cl l(1) _
v o) o () e 5) T 0 (1)

We attach [(1) — l( ) of these points to Z1,...
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possibilities. Then we have p blocks each having vertices with valence lE)) and Zl = p. Each block
(¢ )) 2. The number of vertices

contains (V) — l i 1 lines. To compute 1PI graphs, one has to consider [
is ). (1 -4, l“’) = p1. Among these vertices p — p; have valence 2 and p — p; have valence 0. The last
)

2p; — p have valence 1. As a consequence, p; > £. The blocks have to be linked to form a loop of length p
including all blocks. The blocks of valence lare grouped in k blocks of valence 1 for a factor

r1 T ! |
202;01 —p 02p1 perimmr TR = (2p1 — Zl

= (2p1 — )!P(Qpl —p,k)
(2p1 P*k)k_l

~ (2
N Ty
These blocks are linked to k£ blocks of valence 0. This yields a factor C’Ilf_pl and a factor:
2101 P k)"
(2
(2p1 — Z )

This produces p—p; blocks of valence 0 and p—p; blocks of valence 2. There are (p — p; — 1_)! (p — p1)! possible
loops. Each block of valence 0 can be attached in [(*) —|—1 ways, each block of valence 1 in I() ways. The blocks

I+0 (i)
of valence 0 are attached twice. This yields a factor: H <1 +9, 1 ( 1@ — 18)) > + 50 o ( 0 18)))> oty

i=1
The factor is:

1 D10t o~ S0k, E T (s (008 1) s (10 -0))
p—D1 P=Pp1):\<P1 — p—p1 (k— 1) i 113 (1) 0,149 (1

(1)

p
N (napa l(l) X > = (n — p)' 26 (pl Z ( (i )>>235)
( >Z:1 ..... p il < (o) (1(1) _ lﬁ;)l _ (l p) _ l(l))' £ 0.1

p1

x(p=p1—DHp—p)! (2p1 - Z 2191 p— l)k)

1+6 (4)
1@ i (@) Oha)
X H (1 + 51,l51)> ( —tay — ) + 50 lgl)) ( i) l(l)))

it can be approximated by the average for lélg = 1 and a number of terms such that p — p; vertices have

!

P
p—p1)!(p—p1)!(2p1—p)! terms. We

valence 2, p — p; have valence 0 and the last 2p; — p have valence 1., that is (

can also approximate:
i (19 41)?
(10 - zg;)> IREEDRIEER I
1

p
H<1+51’()(Z(Z ) >+50’<) 1 =2 D=1 D=0

i=1 w w o o= m= )
¢ N 1A =) (1) —1)!
(1(1)_1(1)) _ (zm_l(l)) ( ) ( )
Hl(i)

(10 — 1)L (1) — 1)

1. (n—pr [110 p!  Gmep- R
N (n,p, (l( ))1:1,.4.,13) = (1O =)L (1) —1)! ; (p—p1—1) Zk:qu_pl (k=1
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The sum over k can be replaced by its maximal value. Numerically, this corresponds to k ~ % so that:
Z 2]91 p k)"~
-1

(p—p1)!
b D) (D (B (e

Similarly, the sum over p; > & can be replaced by its maximal value, for p —p;

(5p1—3p—1 ) p_pzl_l
2

~

~ I and:

—p1—1

2p—5(p—p1)—1 =3 » 2
Z( (p—p1)! ( 2 ) - F(z+1)3 <3P>

rr DR I @er s
o~ exp(§(21n2+ln3+1))
p
= (3)

and N (n,p, (l(i))i=1 p) can be written:

. _(n—p)plexp (%)
N (”’pv ( >,-=1,...,p) = - L @ - 1!

The contribution for p; > 1 and ZZ ks ) = n, is obtained by a similar computation. The only difference is

geeny

that the blocks l,(c()l) are attached and to produce 1PI graphs, one has to assume that Zk k(l) =0,1,2 in

(235). The number of blocks is thus p; — (3 (p; — 1)) The computation yields thus the same approximation
if we replace the factor associated to the blocks:

2p1 —p—k k
(p—pl—l) (p pl)'2p pl 2p1 Z 1T)

by the following expression:

- 20, —p— k)"
(p—py — Dl (p — p))127 " (2p) — p)! Zcﬁfpa%

where pj = p1 — (3. (p; — 1)). This factor diminishes quickly when ) (p; — 1) >> 1. We can thus discard
the contributions with p; > 1.
The contribution becomes:

(0) Z Z — /\IJT eXp ((—A1 +é17n (Zi’{ZJ'}j#)) (9(7) 0 7))) (n— p)'p'exp( )

n {Zk
_ élyn<zi,{z b6 )) ve Zt)

—Cn 20 _g® x ,

% . f i , (0(1),21)
: 10 (20125},,,00.01) i
n 95:) 051)
out n—p
A @) ,

x /\Iﬁ (0. 2:) | 1 (25, 2,69,09) + Hy (25, 2,69,6) < v (08", 2:) az;

where:

(4 o )
Yah= > I yae

1) 10
Z{; 1) —p,
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<E(z<i>) 2,09z, > 1
: ( Cl(i) - ) él( W )) (Zi7 {Zj}j?él} ) 951)70(1)>

The contributions for >, l(z) = n+ m add a factor HC *, where ZE(L) = m, and, as before, the

()

contributions for p; > 1 can be neglected. Among the l( ), n are selected to produce the factor (235) The

contributions becomes:
Z €; ( 7p)!p!exp (%)
LI — e = 1)L (1) — ¢, — 1)1

€1t+...+ep=m
SO,
721 7 , We

Replacing m = Y. 1(Y) —n, and estimating the sum by its maximal value for the ¢; all equal to

get:
2 1D —n
C,." (n—p)plexp (%)

(l<1) L 1)!... (z<p> Ep L 1)!

The contribution becomes:
s~ Y% /q,f 9<> eXp(( A1+é1,n(zi’{zj}j¢i))(90 <J>)>
noa® Az}
i iO=n

x (n=p)lplexp (£) x{™ ({20, })

V ut
9(74) 0(”) 051)

= 2 (20d21,0000
—Cp T+ ( Fo ;w . .
X = ! ; (i) o(®) v (951)’&)
B (Z0425),,,000.00)
—Cn g
f i
out n—p
) . ) 0 )
x /\Iﬁ ((95}),&-) H (Zj,z,a;”,ef.”) + Hy (Z Z 9;“,95”) A" v (05’),22-) dz;
1
with:
51D —n ;(l(i)) ()
Cn—lp <:1 (Z“ 0 ’ {Zk’j })>

XM {2z =
Zf l(l)*n+m,

1) 10
P 1 D=ntm

The contributions of SS™ to the 1PI graphs are obtained by removing double counting. Defining

Y™ ({2 }) = X ({Z0.}) (1 - mi: i ({Zki})>

k=0
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the contribution to be considered is obtained by replacing X\™ ({Z B by Y, y,m {Zg,}) in S ). Rewriting:

-1

Yz = X0 {Zk)) <1 Yé’“)({Zki})>

3

k=0
m—1 m—1
= X"z 1= xP Uz + D XE ({2 X0 ({Z0,)) -
k=0 k1=0
k2=0,

m—1

= Xz [T (1= X9 (2e))
k=0
The quantity X" ({Z;C }) can be evaluated at the extremum [(*) = "*m this yields that X™ ({Zk,}) is of

order: ( ) ( ) »
n—1—2)1{2)! e ,
(n_ i) (5 (200 5)

n=1Y1)2
)1smaximalforpﬂ2andm—n1andavalue(((f_1))!|)<1forn>1.
1)

(n-1-3)!(2
(n-1- *; )'

As a consequence ‘Xn {Zkl})‘ << 1 in the perturbative regime, so that:

The factor (

m—1

X ({Z, }) H (1 X ({z,, })) ~ X™ ({Z.}) exp < Z X ({z, }))

The factors dampen qulckly for m increasing, so that in first approximation, we can keep the contribution

for m =0 Since CP "= p)' = 4 we have the contribution:

pl?

=2 2 /\IjT eXp ((_Al 21 (Zi’ {Zj}#i)) (eg’j) - 91@))
no® 7}
y l(”*n

(%)
X H»—*l (Zia{Zj,j#z}aagz)a0(1)>
1(9)

_ v
_ Ei. (z,i,{zj}j#ﬂ‘ D,600) gn

T (0.2
H (1) —1)! - Ein (Z,‘,{Zj}j¢i797(;i),9(fi)) i
1 7<n + 95})792@')
out n—p

x /\Iﬁ (9?),@) H, (Z 2,090 )+H (Z 2,090 )% w(e@,zi)dzj

1
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and using that:

. (189 N
El( “) (Z“{Zj,#i},%”,(’y))

= ) =

7

S
S

@ | i1 gt (09, 2:) ¥y (1,69, 2, Go (2) w (09, 2,)

1041

4 2
H 5‘\11 (9(1) _ %,Zj)’
i=1

this can be rewritten as:

S, ~ Z exp (§)

|
P P

X C(l(i))—i_l +V9<_i>/

exp ((—Al +E1n (Zm {Zj}#i)) (G;j) - 91(_]')))

/qﬁ (9;“,21-) 3

18 (l(i) o 1)!

ot SO+t (9(“7Zi) w1l (J79(i)’ Z:,Go (Zi)) NG (9(“7 Zi)

()
141

[T 6w (o© - 2520 7))
i=1

L ()

o (i) gl
. —_ K2 K
g 1 (Zid 23} ;000 0)
n T Ay 2 _g® 0
x = — \Ij@i ’Zi)
. E1n (Z425},,,00.601)
n

x /\Iﬁ (6. 2:) | m (Zj,Z,egcj),eg”)+H2(Zj,Z,9§Z>,9§j>)%

(i) (3)
Gf —0;
out

]

1

— exp (\/é/ (0, 2;) exp ((~M1 +Z1a (Z0AZ5},) ) (69 = 62))

0%
x/' —_—
0" AS|W(0,7)

]

5 {U (‘\T/ (9,Z)|2) + Vggnw_l (J,H(i),Zi,

o () o)
. —_ K3 k3
o E1n (zi,{zj}#i,ei 0 )

Ar o6

_Cn +

where:

out
7 2 _ (i) 7 ) ) 7 0) pli &
1T (0, 2))* = Go (0, Z)+/\1ﬁ (ef Z) H, (Zj,Z,efJ ,0Y ) +H, (Zj,z,efﬂ ,95”) 971

v (60", 2,)
= - - i 0
:l,n(Zh{Zj}j#i’oEl)’G.(fZ))
9;1‘)_951')

v (9(“ Zi> dZ;

U (0, 2) 12)} dZ;d9"

|v(8,2)?
=G0(0,2)

dZ;de"™

|w(6,2)
=G0(0,2)

1W_1Y)?

v (92”, Zi> z;

As a consequence, at the lowest order in perturbation theory, or A >> 1, the contribution of Ss can be
neglected compared to S; to compute the saddle point field.
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4.3.3 Effective action

Having shown that the contribution S5 can be neglected with respect to S7, we can sum the expressions
(234) for n > 1 with the zeroth order contribution, i.e. the 2-th vertex (142). We use the initial formulation
(150) and reintroduce the inverse propagator Gy ' which leads thus to the following expression for (229):

2
L) o~ —%\Iﬁ 9,2) (Ve (";vg —w H(J(0),0,2,G (O,Z)))) v (0,2) +a/‘\p (9“),21-) 2 (236)
1 (1) — (n) = _ (4)
+Z2(n_w/\1” (09, 2:) 65 (V" + Vi) 05w (617, 22)
nz
out n—1

x /\Iﬁ( o\ Z)QO H, (z 2,6,09 )+Z—(1)H2 (Z Zef”,eﬁﬂ) Gl (Ggi),Zi)de

where
out

‘71(71) = C:: (0?) - 91@) + %H(n <Zu {7, J#z}aegz ,.9( )) exXp (*Al (‘9?) - 95’“))
out

B = S (0 00) ¢ 50 (220000065

exp (Evm (2125} ,40,07,09)) =1 = B0 (2,125}, 087,09 L
( : ( JZL” (Zi7{2>} 9(%)19< )() - >eXp(A1 (0;)70?))

J#Fi 710

X

exp (_1n (Zz,{Z }j;ﬁz’ ; ,H(Z )) 1
= (Zi,{Z} 1SN >)

=0 (201215211, 00,600) [ exp (200 (20 425},5.,00,60) ) -
JFi e

out

RIRPERCTAPHI)
n 1

(1) (1)
% = Ea(Zod2),, 9(.“ ) P (_Al (ef — 0 ))
,n i iSj#i% >
7(n =+ 65‘“79@

The effective action is the sum of two terms according to the decomposition of the vertex into Vl(") + Vi
We estimate the two contributions independently.

Estimation of the term proportional to \_/1(n) Recall from (150) and equations below that the expres-

sion:
& (Z“{Z b O ),9( )exp (—Al (ogj) _.91(@)))

stands for:

_ (1) _ pG)
A2 /9(‘)<0(1)<9(.) exp( Ay (9f 0 )>é§") (Zi,g(i),{Zj}

A2Gy + &M (ZZ,G(),{Z} )*go (237)
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where:

é(n) (Zi> 9(’07 {Zj }j;éi)
n—1
00— 9

Zi~Zy;

6wt (409, 2:) dz;

n—1 2
D _ 1, 7 ’
Z)Eé‘\p(a by Zi, )

—¢ 4 Ve Go (Z)
( ) |¥(0,2)]>°=G0(0,2)

on both side is obtained in (154) and (161) and (162) with inertia
exp(—Aq (09—
coefficients included. The convolution cancels the propagator p( ( U ))

introduces a  function for the contribution proportional to Vl(")

The convolution of ‘71(”) with Gy L

, removes the integral and

Gy ' "Gq !
out
(n) o o
1 [T (g _ ) 4 o =) Ho) s (0D _ @Y o1
/957‘r><9<i><9<;) Gt | =5 (0 - o) + . (2:AZ1.5:3.00,09) | exp (=01 (69 ~00)) G5
out

¢ Voo @) @) o00)
= |t s (2,65 425%,..) | o (01— 617)

(238)

The presence of the delta function also localizes the terms in ¥ (0(] ) that interact with ¥ (9( ) in
the factor:

out
/\p’r ( €)) 7 ) gt | m (ZJ,Z 9f ’953)) /zg:) H, (ij’a(fj)?el(j)) Golw (9§j),Zj) z;
Actually, we have:

out

@) g o )
H, (Z 2,6.6! ) i HQ(Z 2,6),69 )
_ §11w<zj,9§j>,a;”) V;Z‘t)
0 —C+ oo Ar , 4
= 1+ (exp (Hloo( AN ,0 )) —1) it R E— exp (—Al 9l _ g
i _ El,oc(ije,(LJ)ye;cJ)) f i
B p—

and an expansion similar to (150) yields:

out
G) o)\ , o > 20G) ()
H, (Z 2,696, ) it (Zj,z,ef 6" )

out
n

ST foolopapn) | wa(op o) e (e

B (242,00 | 6 (05 0)
i=1

L R e T CREAIN )

X <~1 o (Z“{Z Yigio f/))) exp (Hl o <Zz,{Z Vi f”,a“)))) Go (95”,05”,2 ) dagf)dajj)}
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which implies that:

Vout
gt | H, (Z 2,090 )

-y (2.2.69.67) | 65" (239)
vout
= A% () - o)+ 4% | —C+ A(l) S1oo (26 AZ5}145.00) | 6 (050 — 017
+A? —Z+VZZ§E

Ay

(ZM{Z }j;él? i ) (~1 S (Zu {Z }37517 f/))) €xp (~1 S (Zu {Z }

,.9(

(i
i dzja(e l

(@)
JFi? gb ’9 ))
The localization of (239) due to the interaction with Gy 1\71(”)90 in (238) induces in first approximation
a smeared distribution of Dirac function f |2 : . ==
expansion of (239). It leads to replace (239) by the contribution

2= 2,] Z ) in the two first terms of the

() _g() V;’(“f
2n—2 ¢ ) t (g . i i = ] (1)
A /Zrzjl dzj/xp (af ,ZZ) 1+ | -C+ =8 OO(ZZ,{Z }m,oz,) (240)
Vout
@, 1Zi—2Z | @) ) V=
xo (01 —1; = 25 750 6 (0 — o) + | -0+ -2
C

o (Z0475}45.00)
X (“1,00 (Ziv {Zj}j;éi ) 955))) exXp (él,oo (Zi, {Z } 9(1) 9(1)

() n—1
s 00 00)) ) w (00, 2:) az;
At the lowest order in perturbation, (240) is approximatively equal to

9(1) G(J) o ] 2 n—1
A2 dl; R 7R 7S
Z 7Z cC
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and the product with (238) yields the part of the effective action involving Vl( )
out
p () o
3 ) + Aell E(ll) (Zi){Zj,j;ﬁl}aegL)ao(L))

o (80.2) g5t (- o) (5

x Gy 1w (95.“, Zi)

out
X /\Iﬁ (0. 2) G5t | 11 (2. 2.09,09) + Vij) H (25, 2,09,0) | 651w (61, 2;) dz,
n-l 9(1‘),91(’%)

H fzifz’“j‘

o k’j:l -
- A2n—2
oo (o

ot [t (9(” Zi) Voerw™ (1,09, 2;) w (09, 2;) dz

lkj
— i, Z, )‘25’\1/ <9<i>,zi) ’

|2 (0,2)|°=60(0,2)

" (/ vt (6, 2) (%15 (91@ - % )5 (69— 09)
out n—1
+05 | (11 (2. 2,09,09) 1) (2.2,09,67) | g5 | w (61, 2:) az;
[ g PO )00 5)
el 1o (#9002
|¥(6,2)|°=G0(0,2)

= c

1Zi- Z| |
Zj de

(Sl

Estimation of the term proportional to Vi, For the second contribution proportional to Vi ,, we
use the fact that the series expansion of this term is of second order in interaction. As for the contribution

proportional to 1_/1( ), the convolution with Gy ! on the right replaces the terms
vout
o{¥) =(n
2= (2 AZi) 0.67) (241)

m o,
¢ (0 — o) +

- An f
and:
out
2 (&) i) o = A OI0)
Co (0 —0) + 7S (26:423};00.01,60) (242)

by their derivatives evaluated at 0", These derivative are equal to their average in first approximation, so

that (241) and (242) can be replaced by
out =(n

¢ VpE (724} 00,61

An Al (95} - 951 )

and: out _
z_ ve(z) Z1n (Zl7{Z }Jitaegl 391 )
—Cp +
A (05‘0 _ 9§1)>
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Moreover, the left convolution by G, ! replaces one term in the series expansion of:

exp (Zim (26 25}, 007,00)) = 1= Bu (2025} 00,0

ELn (Zu{Z }J;ez’egl ’6 7 )

and the series expansion of:
exp (él,n (Z“ {Zj}J;él,eEZ ,9 i )) -1

oxp (En (2420 007.07) ) - — 2 o (2:423),0.60.6")
Ein (L \4rji0 90

by its derivative at 95” or approximatively by its average. This amounts to replace those terms by their

derivative multiplied by the averaged term, that is:

Sin (20420000700 ) 1 (Zu (2625} 45.017,6057) = 1) exp (Hln(zl,{Z}#,95”,0“)))

07 0, (1 (2042),.00.0))
and:
e )
exp (210 (2042}, 000,06 ))( S0n (2423}, 00.00) + (21 (zl,{Z}#,;w»))z)_l
x o (20 @ 007))

As consequence, gathering the different terms, \_/1’” is replaced by:

Zin (20 AZ},0.00.61))

Vl/n Zi7{ z}ﬁgl 7 @ - .
( s ) o — g1
with:
Vin (Zi7 {Zj,j#}ﬁg”ﬁ?)
. @ a6) ) ¢ n V:Z‘) g™ (Ziv{Zj,J'#i}ﬂEi)v@(fi))
1+ (El,n (Z,;, {Z, }]7&1,9% 79 v ) 1) exp (Hl n (Zz, {Z; }J?f , ll 70 >) A A (9@'),9(1‘))
B & _ (i) o) Ein zi,{z} 105),0“
(o (200, 00)) ) 74
= ) (1) (4) & (1) (i) = , (1) (i) _
exp (Hl n (Z’H{Z }]751’91 79 )) < =1 (ZZ7{Z }]751 701 79 ) (Hl,n (ZZ7{Z }]751 701 ’9 )) ) !
+
(El,n (Z7.7 {Z }J¢130§1)70( )>)
= (2425} ,,,087 60
C + Xl ( 9(1) ];7«) !
X
= Ein(Zi42Z} 00008
_<TL + ( 0(;) ;z) )
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The corresponding factors multiplying Vl,n:

out

B} PN+
- Elm(Zj,{Zm}m#j,GEJ),Q;?)) o)

/\p’f ( J) 7 ) g 1+ (exp (él n ( {Zm} 9(]))) 1) 95:”,923) . Ay
0 ) m#j > 2 él,n(Zj,{Zm}m#ﬁEJ)ﬂE:J))

—Cn + pame

oo () e () )

are localized, depending on the number of graphs issued from ¢ reach j. For 1 link only, issued from
"(“) (Zz,{Z Fii j ,9(1)> the factor 1 is replaced by § (05&7) - 053)). For 2 links ore more it remains
unchanged. The factor:

) v out
_ E1,n (Zjv{Z }m#J 051) 9(1)) gj)

—Cp T+ D A
= . (4) p() 07 —0;
(exp (ul,n (Zja {Zmt sy 0505 )) 1) - él,n(Zj,{Zm}m#ﬁgj)’@(fj))
—Cn t pame

is replaced, as in the previous paragraph, by:

= j J Vou.t
_ ;l,n(Zj,{zm}m#,egﬂ,egﬂ) o)

—Cp + DD x

& , () o) 05 —0; !

(exp(q,n (Zj,{Zm}m;ﬁjng 05 )) 1) B gln(zj,{zm} ¢_79(a‘>)0<f1))
—Cn T+ 66

= Ela" (Zj7 {Zm}myéj 7957) 9 >

0D g0
— (exp (él,n< {m}7n¢J,0§J) 9(J))) 1)
= {Zm}m ,95% v . E {Zm}m ,95”7 %
(s 2Bt BN T (g, BB B )

In the first approximation we have thus:

= NG VO
_ ;m(Zj,{zm}m#j,egﬂ,e;”) o)

—Cp T+ D g A
t (g 7\ g1 ( (: , W) <j)>) _ 07 —0: !
/\If (Of 7Z]> Go |1+ ] (exp(E1n (ng{Zm}m# 07,05 1) = (Zj,{Zm}m#jﬂij)ﬂ(fj))

—Cn + 0060
X exp (—A1 (95?’ - egj))) Gl (95”, Zj) dzj)"_1
o ([ 6. 2) (1 (o0 B (202 82.0)) 1)
g, (2,420 - ,51) ) V"“t ) Evn (2. {20 - ,EJ) (4) ‘
x| ~Cu+— (2 Zj)};)e ) i) G (% {;fj)};)e ) v (09, 2,) dz,
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Effective action Gathering the several contributions in the two previous paragraphs yields I' (¥):

I (P)
- _%\Iﬁ 9,2) (W (?V& —w N (J(0),0,7,G (0, Z)))) W (0, 2) +a/ ‘\I, (9“)722-)

0(1) O(J) n—1
><< a2 dl; /' (9“ 12 = 2| Z‘ Zj) ) v (0,2)

= , (@ p@)
+ Y oy [ (0 2) (zi,{zj,#i},eﬂe;“) (“ (2 2 00 )) w (00, 2)

@ _ g
6 — 0!

([ 6.5 0+ (o 5 )1
g, (z - 7(’ Vmit i lZ m 75, . "
(Bl ) 0 (Bl N ) s .2

2

?

or resumming the series expansion:

T (D) (243)

- —5¥'0.2)(, ("jve—wl (10026002 + [|v(09.2)])))vez)
+o</’\I/ (e(i)’Z 2+ZC:: /‘\Il(ﬂ(i),z) ’ <Qo (0,2) + s)zem di; /‘ <9() Zi — Z;]| Z| >
- () i
Y [z (08.2) Vi (204 Zisead 0.0 (H (Z;Z) }JZZJ) = )) v (0.2)
P
X </ A (0;”,@) (1 + (exp (él,n <Zj7{Zm}m¢J 7953)’90))) 1)
=, . , (J7 V"“f = - : (J’ (9) _ et
(e B (e B )t

g

where w1 (J, 09, G, (Z)) is solution of:

W (09,2) =g ( / 2.2)- lZCZl,Zl)W( = )% (0 Z-)dzl)
0,7) W(Q_M%) o

C
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and with Vi, (Zi, {Z; 52}, 0,6} ) defined by:
Vin (Zl,{ Gzt 07,00 )
1+ (él,n (Zi,{Z } #795)79“)) —1) exp( (ZZ,{Z b 00,6 ))
(B (20 423}0.07 0 ))2
( o v:<u> a(m (Z“{ZJH“} RN >)>

T A, ) _p()
) (7-oP)
& (zi,{z b0 08 >)
e(f’t) ‘951)
exp (él,n (Z’H {Z }]7&1’951 79(Z )) < é (ZZ7 {Z }]751 ,02 )59(1 ) (él,n (Zia {Z }]751 ,02 )’9(1 )) ) -1
+ NN
(B (20023),.00.67))
O(ut> E1n (2425} ,,,087 60
—Cp Zl ( o0 ];u) 7)
X
_ Ein(Zi42},,,007.00)
=Gy + - ( o ;Ew )

Inclusion of backreaction terms Once the effective action has be found, we can include the neglected
part of the vertex (145) :

1 8w (J,6,2) )y
Tm/vf’ Yo ) _HI\I/(G—ZZ«,Z?;N HdZidZdel,;
[Io1® @i, 2) i=1 =1
=1

|¥(6,2)12=Go(0,2)

There is also a contribution to the potential given
The computation of the corresponding graphs is identical to that of the previous paragraphs. The
dominant contributions of these vertices to the effective action modify S; in (233) and (234) by a term:

. "w(J,0,Z
5, = /go de/va Go— (4,6, 2) (244)
= =t H5|‘I’(‘9*lz‘azi)|2

=1

| (6,2)|?=G0(0,2)
out

x /\IJT(QFfj),Zj) H, (23, 2,09,09) + Hy (25, 2,69,6) :1) v (69, 2;) dz,

Actually, compared to (233), the term Wf (Q;i),ZZ) v (Hgi),Zi)and the factor n corresponding to the n

possibilities to choose the point 4, are replaced by [ Gy (Z)dZ. These terms correspond to the back reaction
of the n points, including 4, on the whole system. The action of the n— 1 points j on 7 in (233), i.e. the term

B . . Vout
_ Zin (Zi’{zj}j¢i,0§’>,6(f1>) 951)

—Cn D _ a0 Ay
2(n) (Z 7z @ ) b =0
=1 i, 1Zj.52i},0;", 05 = V6
Z’ :1,n(Zi:{Zj}j¢i’021>’9§‘l)>
n 9;1)—951)

X exp ((—A1 + éLn (Zi, {Z]—}j#)) (95}) . 9,5-“))
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is thus replaced by:

n 2
5" (1,0, 2 VS
Vo |Go— w ) */QO n ( )
151w, 2)" [To1®© -1 2)°
i=1 Jj=1 |¥(0,2)|>=G0(0,2)

The second term being the contribution of the potential given in (157). The contribution to the effective
action is thus:

n, 1 sV ([
6= — /go de/w %o ,L(S w” (h6,2) —/go 0 ( ) (245)

n>2 " [To1w -1, 2)7 [Io1w -1, 2)7
i=1 j=1 | (6,2)|?=60(0,2)

out n

x /qﬂ (09, 2;) | 1 (25, 2.69,69) + Hz (2, 2,61, 67 )% v (69,2;) dz,

1
4 2
The contribution of (245) to the effective action (243) is equivalent to shift |¥ (6, Z)|* and ‘\II (91(-1), Zi> by
gO (07 Z) .
We will see below that this shift does not modify fundamentally the form of the vacuum. As a consequence
it is convenient to work with (243) in the sequel.

4.4 First order condition and non trivial vacuum

4.4.1 First order condition
I' (V)

_ _%\IJT 0, 2) (Ve <U2§v9 —w ! (J 0),0,7,Gy + I\If|2)>) (0, Z2)

oo 0 2) w2 (o flo (o0 B2 z)

2 n
dzj)

& () (i 2
+Z/ (07 2) Vin (20 (Zi) 617 0) - (Z;fZ }_J:E) 2.67) w (0, 2,)
x </ A (95{)’ Zj) (1 + (exp (élm < AZim Yoz - l7)’9(3))) 1)
Ein ot s §J7 yout E’n L EJ’ | .
x .+ 1, ( {;f]) }_ ;;) ’ ) A(;) —(, + 1 ( {jfj) }_ ;;) 05,05 ) o (ega)7 Zj> iz,

We consider the lowest order in perturbation saddle point equation. Given our assumptions C,, 41 > 0 for all
n>2, ("D >0, ¢? <0, the potential:
9 n
dzj>

(n) ) 7.
oz/‘\ll (g(i)’zi) 2dZi+Z<7T! (go (O,Z)+/‘\p <9§l) _ |ZZCZJ|,Zj>

has a minimum for & << 1 and for ’C(z) ‘ large. This minimum is reached for a value X of [ ‘\If (H(i)7 Zi)

2
dz;.

Up to an irrelevant phase, ¥ (H(i), Zi) =0t (0,2) = % where V' is the volume of the thread.
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Moreover the operator O = V%t (Vg —w™'(J(9),0,Z,Gy)) has positive eigenvalues. Developing
V(0,2) = Y a,V, (0,2) where U, (0, 7) are the eigenstates of O, the definition of ¥' (0,Z) (see [45]

and [46]) is given by:
> @,V (0, 2)

where U], (0, Z) are the eigenstates of the adjoint operator of O. As a consequence
Lot o —1
—5\11 0,Z) | Ve EVQ—w (J(0),0,2,Go) ) ) ¥ (0,2)

¢ >w(J(9).6,Z.Go)
the minimum of ' (V) is reached for ¥ (0, Z) = W, (0, Z) + 6V (6, Z) and ¥' (0, 2) = \IJ(T] 0,7)+ 6V (0,7)
where 00 (6, Z)| << |, (6, Z)| and |50 (6, Z)| << \\pg (o, Z)).

Expanding the potential around ¥ (0, Z) yields at the first order:

is positive, and null for constant ¥ (6, Z) and W (6, Z). As a consequence, for

r(w) = %mﬁ 6, 2) <v9 <"25v9 —w ! (J (0),6,2,Go + Xo + /X0 (6 (U1 + w))))) W (0, 2)
1 o2
75\11* 6, 72) <v9 <29v9 —wt (J (0),0,2,Go + |\If|2>>) oW (0, Z)
%5\11* 0, 2)U" (Xo) 6V (0, Z)

—%&Iﬁ 0, 2) (veoﬂ (J (6),6, Z,Go + Xo + /X0 (5 (¥ + 5@)))) U, (0, 2)

2
—%&Iﬁ 0,2) (v(, (";vg —w H(J(0),0,7Z,Go + X@)) SV (0, 7)

¢

%5\1/* 0, 2)U" (Xo) 6V (0, Z)
and this leads to the first order condition for 6V (6, Z):
< (vg (”jvg —w H(J(0),0,2,G +X0)>) +U" (X, )> SV (0, Z)
—% (vgoﬂ (J( ),8,Z,Go + Xo + /X0 (5 (W1 + 6)) ))

1 Sw=t(J(01),01,Z1,Go + Xo)
260t (01, Z0) VX0 | V Aty U, (01,72
B (01, 21) 0( 0 6|\IJ(9,Z)\2 0(01,21)

0

12
\

1 < (vg ("3v9 —w 1 (J(0),0,2,G + X0)>) +U" (X0)> 5W (0, 2)

1 Swt(J (61),01, Z1,Go + Xo)
_5/5@ (01, Z1) VXo (vg ST Wo (01, 21) dord 7,

*% (Vow™ ' (J(0),0,Z,Go + Xo)) ¥o (0, Z)

1 5w (J(0),0,Z,Go + Xo)
—= XoV oW (01,21) | Yo (0,Z2)dO1dZ
5 [V 0( e (01, 71) | o (0, 2) d0rdZ,

and for 06Ut (0, Z1):
2
0 = %(SWT 0,2) <—V@ <0-29V9 —w! (J(0),0,Z,Gy + Xo)) +U” (XO))

Z1.Go + X
_,/aqﬁ 01, 71) (vf (00,01, 21.G0 + 0)>\IJO (01, 7,) d dZ,

5w (0. 2)
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4.4.2 Non-trivial vacuum

The solution for §¥T (9, Z) is:

SUT(0,2) =0 (246)
This translates that there is no backward propagation of the signals. As a consequence, the equation for
dU (0, Z) rewrites:

0 o~ % (— (V@ ("fve —w H(J(0),0,7,Go + X0)>) +u” (X0)> o (0,7) (247)

—% (Vow™ (J(0),0,2,Go (0,2) + Xo)) ¥o (6, Z)

-1
7%/ ,7X0V9 <5w (J(0),0,7,Go + XO)(S\IJ (61, Zl)) Uy (0, Z) df1dZy

5| (61, 21)

Solving (247) amounts to find the Green function of the operator:

G '(2,0,2,,0,) = 1 (— (ve (”jvg —w N (J(0),0,2,G + X0)>> +U” (X0)> §(0—01) (248)

2
1 dw™t (J (9) ,0,7,.Go + X())
—= [ VXV U, (0,2
2/ ove 5|0 (6,, 21) 0(6,2)
5 1 Swt (J (9) 0,7, Gy + X())
= Y0,00)6 (2 -2 —7/\/Xv U, (0,2
Gz (0,01)0( 1) 5 oVe 51T (01, Z0)f 0(0,2)

and the vacuum is given by:
1 _
B} /g_l (2,6, 21,01) (Vow ™" (J (61),61, Z1,Go + Xo)) Yo (61, Z1)
The computation of G=! (Z,0, Z1,60,) is done in two steps:

4.4.2.1 Green function of C;El (0,601) We first find the Green function of the operator:

G,'(0,0,) = % (— (vg (vae —w N (J(0),0,2,Gy + X0)>> +U” (XO)) 5(0—0y) (249)

To do so, we note that G, (6, 61) has the form —-& (-4 — b () where a = 03 and b (0) = w1 (J (0),6, Z,Go (0, Z) + Xo).

For any function d (), the following change of basis holds:

~exp(-d() g5 (555~ 0©) ) exp (@ (0)

a

= —exp(—d(0)) d% (exp (d(9)) (;‘;9 +5d (0) - b(e))>

= - ((dde +d (9)) ((‘2‘59 + gd’ (0) - 6(9))>)
- ((;0 ((;‘jg +ad (0) - b(&))) —Sa' @)+ (52 0)-00)d (9)))
Defining b as the average of b (f) over some time span, and setting:

b(0) —b

d (0) =
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we have:
o (-a(0) (-5 (545 2®) ) e a
)) v (b +b)(b(9) b)

(55

— de\\2de
As a consequence, the change of basis allows to decompose the initial operator under the form
_d (fad ¢
do 2do

for some constant b plus an additional term. This allows to find the inverse of the initial operator by a series

expansion:
d (ad -t
(-5 (55 -0@)) @9
- o\ 1
/ d d - b (0 b(6)+0b)(b(0) -0 ,
= e (5 ((525-5)) - 22 - LOEDLOD) 0y sy
-~ v _ (b®)+D) (b(6)—b N\
= exp(—d(@))%(%(( é)-i-( )(E )>gb> )(H,G)exp(d(ﬁ))
where Gy is the Green function of —5 ((%d% —b)) and the Producﬁs are products of convolution. For
(b 9) — b) having periods shorter than % the integrals of w cancel. As a consequence:
> (a((")a) ) @oevao) oo

n=0

M@))_(gﬂ):emﬂ—d@))
(j Q,Z, go (O,Z) + Xo) SO

_dfad
do \ 2 do
We apply this result to the operator arising in our problem. We define b = w

that:
1

gb(979/)2<2( <v9< 07y — w (J0ZQO(O,Z)JrXO)))+U"(X0)>>_l G (6.0)

where J is the average current. The function G (0 0 ) is given by
o _ ( 1 )2+ 20" (Xo) |070/|
p P = o (9 e’)
exp | ——=
20U (Xo) o? X,

G6.0) =
V3 \/( F )2+ !

| P ( <\/<02§—(€)2 ;) 1 ) (66 ))
~ - /
V3 1\, 20 (Xo) #E-0)
\/(JQXQ) + o2
)+Go(0,2) + X())

1)\/

arctan ((
VI(Z)+Go(0,2) + Xo

‘ﬁ

with:
( ) 0 ng0(07Z)+X0)
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(251)

and (250) yields the Green function of (249)
( <V9< Vo—w " (J(0),0,7,G0(0,2) + Xo) )>+U" XO)
0,7,Go (0,7) +X0) ))

G0.0,2) =
Ny Vow ™! (J(0),
= e (s ;
X exp (fel (W (J(0),0,7,G0(0,2) + Xo) —w" (J,6, Z, G0 (0, Z)+XO))>
oh
or in expanded form
(- (e ) 0-)
G(0.0,2) = —=
A (e e
o = n Vow™ (J(0),0,2,G0(0,Z) + Xo)
9) (1+Z( 1) ~/0<91<..4<0’ 2 )
Xexp(f(, (W (J(0),0,2,G0(0,Z) + Xo) —w ™ (Ja,z,go(o,Z)+XO))>
Je
oo [ \/( n )2+2U”(X0)_ (0 ¢) - [ 00260205
- 1 p 02X, o2 2 9’ H(e 0/)
7 () + 2
Z) + Xo) —w ' (J,8, 2,6 (0, Z)+X0))>

(0) 797 Za gO (07
o5

o (fe (

This can be simplified by using that in average
0’ B
/ (W™ (J(0),0,2,G0(0,2) + Xo) —w™ " (J,0,2,G0 (0,Z) + Xo)) ~ 0
0

> (9 0) |:w1(J(0),6,Zégo(O,Z)+XO):|6[)
H (6 — &(252)

AS a consequence:
2 1"
oo (- (o
G(0,0,2) =
( ) T 1 2 20" (Xo)
2 (U2XE) + o2
exp (— <<\/ () + 2l 1X> 4 [w“I(J’Q’Z’i(’(o’z)*X“)D (6 9’))
~ H (9 - 9/)
() v

where the upper bar on a quantity stands for the average computed over the period 6§ — 6
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4.4.2.2 Green function of G~ (6,60;) Using (249), equation (247) rewrites
0 ~ 15@( Z) (253)
—7V9w (J(0),0,2,Gy(0,2) + Xo) v/ Xo
—1(
/ve o 0.2,600.2) + X0) ) 5,9, 2, | b dz,
5 |‘I’ (01, 20))?
= G50 (0,2) - *Vew L(J(0),6,7,G0 (0,2) + Xo) vV Xo
The Green function of the operator G~! defined in (248) is given by a series expansion
-1 z Z)+ X "
0¥ (61, 21)]

- £ o
=< Xo\" [ = Sw (T (0),0,2,G0(0.2) + X))\ \\ =
(%) (V"g*« 51 (0, Z1) ))) ’

2
n=0
The convolution:
5 dw™t(J(0),0,7,Gy(0,2Z) + X,
Vag* ( ( ) g()(2 ) 0)
0| (01, 21)]
is computed using (252)and the expression derived previously for the kernel dw_ 1(‘](69')‘1]9( éf Z‘i()? Z)+Xo),
|Zi=Zita|
0w (J(0).0.2,G0 (0. 2) + Xo) _ P (—K (<9‘ —ip1) — == )
5| (61, Z1)] 2/l (s — 0i1) —1Zi — Ziga|
where C' and K are some parameters depending on the system. The convolution is thus
~ dw=t(J(0),0,7,Gy(0,2) + X,
VG * ) ol 3 )+ Xo) (0i-1—0i41) (255)
5 |¥ (61, 721)]
2 ” w-(J ,Go (0, o
1 exp (_ ((\/(J;X) n 2Ua(2Xo) . 021X5> + [Ve (Jezg2 (0,2)+X )D (= —9i)>
= /v07_1,\/? 5
2 20" (X
2 () 2
exp (*K ‘(91 —biy1) — Li_f”” )
x0(Z; — Zi_1) C - do;dz;
2\/K ‘(91 — i) — L2l CZ‘“l
xp (—A (621 — 6:)) exp (_K ‘(Gi — Opy) - 1B )
/Vez 17 T o (Zz - Zi—l) C do;dZ;
\/g 2\/K‘(9i—9i+1)—zi CZlHl
where:
- 1\ 20" (Xo) 1 w1 (J,0,7,G0 (0, Z) + Xo)
A = — S —
(\/<02X€> * o2 02X, Ve 2
2U" (Xo)

o ) 2
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The computation of the integral yields:

/6’,;_1 _exXp (—]\ (97;_1 - Ql) - K ‘(91 - 0i+1) — iz Zin]
0

CA ‘
QF\/K ’(91‘ _ 9i+1)  NZic1—Ziya]|

>d9

7
Z. 7.
7‘,+1+7| - CH'l‘
(&

_ /\/9,i1—<9i+1+|zifi“> C]\exp (—I_X (91',1 - (% +60i41 + ‘Z_lizzm)) — u2> .

U
0 KT

e ><<*><>>
0

exp (_]\ (91‘71 — 01 — 1Zica=Zina| +1|

_ Zz 1 — 2+1|
= CA erf H]. \/ i—1 — 1+1+ | ))
KTy/14+ 4 <

and (254) becomes:

du

g (217 917 Zn+17 9n+1)

n+1 Xo exp ( (91 — Oy — 220 ZZH‘ / Zl+1|
Z/H CA \/7 erf 1 -l- 0, — 91+1 + )
KTy\/1+ &

W (J(01) 01, Z1,Go + X0) G (O, Ong1, Z1) Hdeldzl

1=2
with:
1 (a6 K w(@— lZZZI"Z1> w(h,2)
(9()7Z)G(‘](9)+N/T(Z7Z1) W(H,Z) W(w (9_ |Zizl|7zl)) (gO+XO)dzl>
(256)
Formula (256) can be expanded in terms of current, at the second order of approximation
w(J,0,2)=GJ(8,2),Gy+ X0 (257)
9—‘2—7021',21)%(9,2) / ) )
+N /T(Z7 Z1) 2 0.2) G'[J(0,Z),G0(0,Z;)] Go (0, Z1) dZy
_ G[ ( ) 0( ) )]
1= % [ T(2.2) (w(0- 220 2:) - e7z>) 0.2) G0 (0, 2] Go (0, 21) dZ,
N G[J (8, G 0,7%;)]
S e (el (0- 52 7)) .60 0,20)] - 6 ),Go (0,2)]) G' [J (6, 2).Go (0, %)) Go (0, Z1) dZ1
and:
w(J,0,2) (258)
= S (FI70.2).600,20] + ((F[10.2),600,2)])"
w([grem (F (o 2=2 Zl> Go (07Zi>] ~F[J(6.2),60 (0,7 )]) Go (0 Zl>dzl>
F'[J(6,2),G0(0,2)])?
where

Go (0, 7;) ~ Gy (0, Z;) + Xo

144



The solution of (253) writes:

5V (0, 2) -
- nfexp(—A 5’1—91“—% _ —
= Z/ (_CA)”+1 H ( ( = )) erf m 0[ - <9l+1 + |ZZZZ+1|>
. =1 KT\/1+ 4 .
5 X n+1
X w(J(61) 61,2, G0 + X0)} G (On, Ont1) (Vewfl (J (0n+1) 0041, Z,Go + Xo)) \/; H do;
1=2

with the convention that 6; = 6.
For w (J(0;),01,2Z,Go(0,Z) + Xo) constant in first approximation, the series can be computed. The
Fourier transform of (255) is:

c ik \/K+\/K2+k2e ( 'k('ZiZ”ll))
X —1 —_—
CR ikl U (X)) VEIL R T c

and G rewrites:

ooy (oxo ik VEVESR QO+X0))” (ﬁexp (_ik (M))) G

2 Zk2+ik-+U"(Xo) VEZ+E? Pl c

/Hexp (_ik (|Z—Z+1|>> iz,
Cc
=1

with fixed endpoints Zy and Z,,41 can be written:

/exp (—Zk‘ <i |ZZ_CZZ+1|>> ) (ZO - Zn+1 - i (Zl — ZZ'+1)> dZZ
=1

=1

= /exp (m (Z |ZCZ“|>> exp <z‘)\ (ZO —Zn1— Y _(Zi— Zi+1)>> dz;
=1

=1

= /exp (—’Lk‘ (Z |ZL_CZL+1|>> exp (Z}\ <Z0 — Zn+1 — Z (Zz — Zz—i—l)))

=1 =1

xd\ [ ‘Z(i_l) _z0
=1

n

The integrals:

*d ’Z@‘—U — 70| q,

where the unit vectors v; are defined such that:
761 _ 70) — ‘Zufl) _ 70
We also define:

A (ZO — Zn+1) = |)\| ‘ZO — Zn+1| COS (90)
Av; |A| cos (6;)
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The angles 0; are computed in the plane (A, Z — Z;) between the projection of v; and Z — Z;.

”*1/ /exp (—zk <Z ZM)) exp( [Al <|Z0— Znt1]cos (0p) — Z|Z Ziv1]cos (0 )))
=1 =1

xd|A| H ‘Z(i_l) -z d‘Z(i_l) — 29| sin (6;) db; sin (6y) df
=1
- 2w [ f[e i (A = £) |26 = 200]) — exp (=i (A + ) | 26D — 200))
IA1Z0 = "+1‘ i i
x ‘Z“*U 0 d’g(H)

_ 2(7T)n+1/ sin (|A[[Zo — Znt1])
2\ Zo — Znt|

. d k , .

_ ; -z (i=1) _ (9 4 (i—=1) _ 7(4) (i=1) _ (9
xH( d|)\|/<exp (z (|)\| c> ‘Z Z )+exp( 2<|)\+ )‘Z Z )) ‘Z zZ >d|)\
n in (|\ |Zo = Znt1|) T d 1 k 1
27r“/sm(| + ~ s =2) - Mt+2)+———— ) ) dIr
@ o - et e (P -2) — s = W) o)) )

_ 2(W>n+1/sin<|x||zo—zn+1>( d ((exp(—z’(AH’z) )—U_(exp(z(lkl—%)L)— )>> dIA

2[A[Z0 = Znal \ A @[N] i (Al + %) (1A= %)

Q|

R

QW/SWZ_Z/DZ< ikmC m&w (j,go(OaZH'XO))n

22~ 7] TR ikt +U"(Xo)  VERHRE 2
N S R R B C YT CEHIIED AN RN -
IN[dA (A +5) i(A-5) T kg + U (o)
. / 2IA1Z=7 d|A
T (e DN CE A=A D) .
- ik C Ix7a7x] i(Ix+E) i(Ia-%) VE+VEZTE X, (J Go (0,2) + X, )
ik 0% i 2 W 0(0,2) + Xo

ik
Xz 2 4 ;1 "
7/€ + ’Lk)f(f(i + U" (Xp)

which can be written:

so(MZ-2'1) 11 g\ dk

W NIZ—77
/ (200 0 ) - Bt (1o~ el G0 VT (716,00,2)+ )
d((exp(=i(N+E)L)-1) (exp(i(|]\-%)L)—1)
A PN+ 5) RS
_ ((exp (A +2) L) exp(i(A=¢) L)) I+ ((QXP (=i (A +5)L)—1)  (exp(i(IA-F) )—1)>>
DGR NCE) (T4 e

27r/ sin (|A\[|Z — Z'|) ik exp (ik (0 —

0/))d|>\| dk
2[\[1Z—=2Z'|D
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with:

D = 0—2k2+'ki+U”(X)
- 2t TR 0

€

+ibro 22 ((p (i (N+5) L) e (i (1A -

5L
NN+ E) SR )L
. ((exp CiN+D D) - e A=) - 1)))
i IA[ (A + &) QLA = &)
VTR

The integral over k presents a pole such that ¢k is real and negative. Due to the exponential in the denomi-
nator, |k| << 1 for this pole. It satisfies:

xXp (—1 L ex —k B
0 =~ U”(Xo)—l—ikﬂc);o((ep( (|)\|+C)L)+ (@ (1A ) )>L> \/ZLU(J,QO(O,Z)—FXO)

A (A + &) A (A = E)

w (J,G0 (0, Z) + Xo)

1

U" (Xo) + zkﬁiji cos (|A| L) (exp (—zﬁL)) L\/zw (J,6G0 (0, 2) + Xo)

so that:
AI* U (Xo)
L\f CXomcos (|A| L)w (J,Go (0, Z) + Xo)

and the integral over |A| is such that cos (JA\| L) > 0.

" _ AU (Xo) _ A2U"(Xo) _
/bm(|/\ 12 - Z') Ly/ 2 CXomw(J,G0(0,2)+Xo) cos(|A|L) Xp< Ly/2CXomw(J,60(0,2)+Xo) cos(|A|L) (9 0 >) A i
2CXom | |Z = Z'|cos (|A| L) Ly/ 2w (J,Go (0, Z) + Xo)
. o 1 _ |)\\2U”(X0) _ 2
i (12 = Z) U (Xo)exp (e PO (0 11) ) I
= - ~ D) d|)\‘
2 (L\/%CXQT((U (J,G0 (0, Z) + Xo) cos (|| L)) |Z — Z'|
and:
. 7 1 _ IM2U" (Xo) _ 2
sin (12 = 2D WU (o) exp (- e PEG(9-9) )
v(,z)y = - 2
2 (L, [ #CXomw (J,Go (0,2) + Xo) cos (|A| L)) |Z — 7|
VX
xd|X| (Vow™ (J(0') 0. 2'.Go (0, 2) + Xo)) ~->df!
. o 7 _ IA2U" (Xo) _ 2
N /Ksm(|)\| 2= Z)IAU (XO)eXp( Ly/% CXomw(7,90(0,2)+Xo) cos(|A|L) (0-0 )> A
8 (LCXo cos (|A| L))? (w (J,Go (0, Z) + Xo)) " |Z = 2/]

xd | A (Vow (J (6'),6',2",Go (0, Z) + Xo)) v/ Xodd'
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and in the local approximation, it reduces to:

Ksin (A 12 = 21) N () exp (PO o (0-0) ) P
5V (0,2) ~ / i 900,
8 (LC X cos (|A| L))? (w (J, Go (0, Z) + Xo)) ' |12 — 2/]

xd |\ (Vow (J (8),60,2,Go (0, Z) + Xo)) v/ Xodt'

K [\ U (Xo) exp (— A (6~ 9’)) (00
_/ (LCXor cos (|A| L)) (w (J, Go (0, Z) + Xo))*

L/ 2CXonw(J,G0(0,2)+Xo) cos(|A|L)
8
xd |\ d0' (Vaw (J (0),0,Z,Go (0,Z) + Xo)) v/Xo
Ksin ([A[|Z = Z'[) [A[U" (Xo) L\/%CXoﬂw (/G0 (0,2) + Xo) cos (|A| L) [A*
8 A2 U (Xo) (LCXom cos (A L)) (w (T, Go (0, Z) + X)) |2 — 7|
xVow (J (8),6,Z,Go (0, 2) + Xo) v/ Xo
/ KINYU” (X0) (L\/%CXOW (.J,Go (0, Z) + Xo) cos (|| L)>2

d|X
8 (LOXom cos (|A| L))* (w (7,60 (0, Z) + X)) (|/\|2 u” (Xo))2 .

x (Vaw (J (8) .0, 2,60 (0, 2) + Xo)) vV Xo

/ N VE
4v2 (LCXom cos (|A| L)) (w (7, Go (0, Z) + Xo))

_ / vXo

4 (w (1,60 (0,2) + Xo))* U (Xo)
= N1Vew(J(0),0,Z,Go(0,Z) + Xo) — NoViw (J (0),6, 7,60 (0, Z) + Xo)

12

3v9w(J(9)797Z7g0 (07Z) +X0) \/YO

d|)‘|vgW (J(e)’ea Z7g0 (Oa Z) +X0)

where we used that the integral over |A| is constrained on a finite interval.

Corrections to (259) due to (245) We saw in (245), that the backreaction terms, shift |¥ (6, Z)|* by

gO (0’ Z)
This shift can be absorbed by a redefinition of ¥ (0, Z). Actually, let:
oV (0,2) = 0¥(0,2)— %(0,2)
Vv Xo
~ A
§vt(0,2) = 6V (9,2) - %(0.2)
v Xo

For %\/Xiz) << 1, it yields at the first order:

W (0, 2) +Go(0,2) = (JxTw 5wt (0, Z)) (\/XT)+ 5 (0, z)) +Go(0,2)

‘ 2

‘@(9,2)

As a consequence, the computations leading to the minimum are the same as in the previous paragraphs if
we replace U (0, Z) — W (6, Z). Coming back ultimately to the variable ¥ (6, Z), the minimum (259) for the
action becomes:

g() (Oa Z)

ovt (0, 2) = % (260)
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5W (0, 2) (261)

n ~A (6,6 12 Zm‘ X
Z/ _CA 7z+1H eXp( ( ! \/ZL erf( 142 \/91 9l+1 + |Z Z7,+1|>>
KTy/1+

=1

n+1
w (J(01),01,2,Go (0, Z) + X0)} G (0n, 0ns1) (Vow ™ (J (0n1) 0011, Z,Go (0, Z) + X))
. gO (Oa Z)
v Xo

and these shifts do not impact the main conclusions of our results.

4.4.3 Correction for the potential

At lowest order in perturbation, the correction to the action is:

( é (ZZ’{Z} #i0 ; ’053)> (@)
) , v (0/ ,Zi) (262)
0% — oY

X (/ v (9§§>,Zj)

= ] (i) ()
w14 (exp (éln (Zj7{Zm}m7éj ,ng),ﬁ(fj)>) _ 1) Z1,n (Zz,e{f) }J;;zz,)f)z 79 ) U (QZ(J')’Z].) dZ;
Y

n—1

3 DN 2
El,n(Zh{zj}j#(ggz)ﬁy)))
)

and this shifts the minimum of the potential on the left by a term proportional to ( ORI
f Y

10 (24253, 4,00 65")
(%) _g(9)
0% —6!"

so that Xg — Xo — 0 ( > where ¢ < 0 depends on the parameters of the potential.

Appendix 5. Frequency equation

The potential terms (21) along with its corrections (262) evaluated at the background field ¥ yield a
constant U (¥y). This constitutes a modification to the scale o which is replaced by a + U” (¥y). This
modifies accordingly the 2 points correlation function. Since U (¥() < 0 for a non-trivial vacuum, the phase
corresponding to is characterized by a+ U (¥() < . This implies a longer average interaction time.

The effective frequencies of the system are obtained from the second derivative of the effective action:

2
| 0°T () | _g1t 0(1),9(@ g 15 q;TEg—l (263)
: ; 0 1 0 07"
St (90) Z,) o (90), Zj) o
9( R | F? F2

90 o2

(" 2
[/ go @2(1+012)

with F' and © given by (190).

1+O1oo)

[, o= (o) gﬁ]

exp (—x) F -1
R LN
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We showed that it can be approximated by:

5T (D)
Swt (g(j) Z.) o (0@’ Z]—) (264)

= go (QY)> 0(1)>

out

NON
( (@) + Faexp (=) (—<+A§'EL (2,60 ,{Z}#))

(@ + exp (—a) (1) — 2 + (2 — ?)))"

+F? (WiG5 W) (1)°

Vout

it (Zi,eﬁf%{zj}#i)) +8 ()

(@ +exp (o) (1) — 2 + (2 — 2?)))"

(6 () — Fexp(-x))y (—Cz +

+F2 (UG5t w) (1)°

In the local approximation, the dominant term of (264):

9%'s

. 1+exp (—2) (—2 + 3 (y° — 2°)) i
9( i) 9( i) _ 1 _ 2 _ _ 9( ) 0(
( L ) Y0 (14 O01,00) +exp (—2) (01,00 + ¥ (1 + O012) =2 (1+ O1,0)) ( Lonr )

can be rewritten in its expanded form:

:‘,_.
P
_
+
S
8

L+ (1 + 5 (14 012)7 )+ 5,050 )
- <(1 - O<1,2)(2)>1 - Z>n>3 - <<1 . 1,n)(")>n?n (egw, 959) (265)
+ (1 +3{1+019P) + 5053 (14010 )<">>
1+ (14 012) (14 012) ™) + %00 ity
W +3{1+0197) +¥,.0h <(1 +0100)™ >

)™ (017.67)
n—1

L+ (14 01) (14 012) ™) + %0 5ty (14 010) (1401

5 5 M 5 5. (=)
((1 + O1,2) <(1 +055) 1 > + e ﬁ (1+01,) <(1 +01,0) 1 >n_1)
1+ (1+055) <(1 1+ 01)Y > + Y es iy (14 O1) <(1 + ol,n)<n,1>>

<1>1 + % <(1 + 01,2)(2)> + Zn>3 ol <(1 + 0, OO)(n)>n (0 ) 0( )
_ _ _ (1+90(Q5 O1,nGy )) (1+O1,n)("_1> 1 15,0y
+ (1460 (95701265 ")) <(1 +01,2)" >1 + 23 (nfg)! )
- -1 A ()
Gyt (1460 (95101265 1)) <(1 + O1,2) >1 _ (Ggi) ng))
A 14+Go go‘lol,ngo—l 1401 n—1 R
b (1 i go (go_lol,Zgo_l)) <(1 + 01’2)(1)>1 + Zn>3 ( ( (I3z<1)(| ) > —1
> sz e (1460 (G5 101065 )) <(1 + Ol,n)("‘1)> )

(1460 (g5 'O 971)7;<él+6 )(n—1)> (elz)70f )
* (1 6o (95101,2%*1)) <(1 + 0172)(1)>1 + Zn23 et 0(ml)! not

Gyt

= Gyt

= Gy'+

n—1

= go—1

_go—l
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’ i+ A:1 2, (Zw@l {Zj}j¢i>

— (i) _ o)
X exp (éLn (Zi7{Z }#Z’gg)’g())) P( Ay (Gf 0y ))

(266)

A
VOut . . (/Z)
e = [r e (e 20,0) | B () )
and:
Gy 'O1m
Gy 'O1,nGy

Gty (% 2 0.00) | 6 (05 - 01

N A1 =, (Z“{Z}

[I

JAL T 0

In the local approximation (267) becomes:

Go'O1, = GilO1,G5" (268)

vout

_ '] (i) _ . .

) (i) @) _ o)

] 0 (2423%,0.00) | 6 (67 - 67)
out
. @)

+ ¢, + —

T B (Z04%5}140,60) | (B1n (2042531400 65)))

Moreover, in (265), the sum:

O:(l—%01,2)<(1+012 1> +Z n—1) (1+Oln)<(1+017n)(n71)>

>3

n—1
is the sum of graphs contributing to the two points correlation, and

S=<1>1+%<(1+0 <2>>+Z <1+01m)<”>>n

computes the sum of all graphs in the background state ¥. As a consequence, rewriting (265) as

G+ 55 =y +Z L (on — on18)

The subtraction by the second term removes all the graphs contributing to the inverse two points correlation
function that can be factored by any n. Moreover, the alternate series removes the graph that can be factored
as a convolution of two graphs through one external leg. As a consequence, the series computes the 1PI
graphs.
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We can thus write:

Gl (9§ 6 >)
1PI

- 1
= gol

(1460 (g5 'O 9*1))<(1+O )(n—1)> (ell)vefl))
H (1 6o (90_101)2%—1)) <(1 + 0172>(1)>1 + E@s A O(nfl)! no1

where the upper script recalls that only 1PI part of the series expansion is kept. In an expanded form, we
have:

Go' 5 (95’), o} ) (269)

= <go +Z {1+go (QO 012G, ))<(1+61’2)(1)>

(1460 (6501G5)) (14 01,)" ) )" o
0\Y0 “Y1,nYo 1,n 4 4

n— (4) p(4)
+Z3 (n— 1) : (91 0 )
nz

In particular, at the lowest order of the series expansion, a graph:
(1460 (6501065)) ((1+01) ")

can be replaced by:

(1490 (65701,65) ((1+010) ") (270)
where:
out ) - (?)
O [+ 20 (100,120, | o (B (2 ) L)

The term (270) keeps the 1PI part of the initial graph in the state U. The computation of the series (269)
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is similar to (243) and gives in the local approximation:
g1 E ((,g o)) (271)

- _= 9w, _ . ,—1 2
= 2V9(2V9 w (J(O),H,Z,go+|\11| >>+a
v()’u.t

Tt 2251 (Zz"@g/i)v {Zj}#,») —¢" %3@ (Zi,egf)7 {Zj}j#) Ln (Ziv {2} .00 )

2 1 ) 1 ’ =1
X </ ot (09, 2;) (14 ((ex0 (Zun (25 1 Zimb gy 07.09) ) = 1)

out

0(1) G(J)

+Z< <g002) lzi-2 dl/‘ (9” 12— Z'ZJ)

out

(1>

= (4) of)
—1,n ( {Zm}m7$j 591 a ) A1
() ()
Gf —0;

X _En +

i (25 A%y 07,65) " "
0;7‘) _ 95] v (eij ’Zj) de

X _Zn +

where w1 (J, 09, G, (Z)) is solution of:

|Z—Z:]
- 721) w(0,2)

w G0 (0, Z,)dZ
w(8,2) W(9—‘Z_Z1|,Zl) Go (0, Z;) dZy

Wl (e“),z) e J(9)+;/T(Z,Zl)w<0

C

We can now identify the various contributions in (264). First, the expansion (271) of go—lg (95”,95;”)
includes a potential term which, evaluated at the state ¥, defines an effective value for «:

")
)

9( i) _ (9(])

a+ZC <g0 (0,2) + ‘Z Ly Al /‘ (9( 1Zi - Zj]| ZI j)
(n) 9<> em
+Z% (QO (0, Z)+ ry /‘ (9“ 12— Zj| Z‘ >

c (n) .
Sty (5 < (20(2),0")

out

S (Zj, (Zm} g 9@)) o))

x /\Iﬁ (09, 2;) | 1+ | (ex0 (Z1m (25 AZm by 07,097)) = 1) | =L+ . m#‘;(; AV
f Y
= . () !
" _6” N =1,n (ZJ7 {Zm}m#7 "9/ ,9 ) . (egj) Zj) de

G _ g0
6% — 6!

The other terms of (264) also includes a potential term, contributing to the effective value of a:

P2 (wig; w) ((a (@) = Foexp(-a))C = (8(w) ~ Fexp(—2)) 4G, = B <x>>
(z+exp(—z) (1 —z+ (y? — 2?)))
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Second, the effective frequency is given by a contribution of (271):

w1 (1(0),0,7,Go+ 9°)

Zun (269 (23 ) + 2 (769 12,3,
+Z(nil);((u’ (Z 0 {Z}ﬁs>+ 1 (Z 0 {Z}#)))(uln(zz,{Z}#, m))

2 ?

out

9(1)

x /qﬁ (09.2;) | 1+ | (ex0 (Bun (2 {2, 69,69)) 1) | =Gt v (2 A2}y 69 09)

(4) (@)
07" —0;
= () !
x| =Cut 9@_9(” (0 2) 2,
f i

and a contribution due to the correction terms in (264):

nzllf) _ (’L)
(a(z) — Frexp (—x)) A1 1,00 (Zi,ei, ,{Zj}#i>

(2 +exp (—a) (1) — 2 + (32 — 2?)))*

F? (UG, ')

~(B(@)~ Fesp(-2))y | —~E12 (709 {7,) 1.)

Gathering these two contributions leads to the effective frequency:

Wi (1(0),0,2) = (1(0).6,2.G0 + [9)

E10 (2000 423}, 0) + 2 (2000 423,4) ) /. l
+Z(nil)! (( ( i) HE( #))) (B (20 425}140.07) )

2

S0 (2470 09 9) vout
(/xm (a;ﬁ,zj) (1+ ((exp (El( A za)ﬁ))_l) (_<n+ L (Z] {;fn }»n:;)w ea) Al )

= ) ()
y _6 n —1,n (ZJ7 {Zm}m;éj ’ezj 70 ) 9(]
n 9(j _ 9(])
) i

L2 (WG w) ((a (z) — Frexp (—z)) (~1 - (Zl,ej>7{z }m ) — Fexp(—2))y (31,2 (Zi,eﬁf),{zj}#i)))

(x 4+ exp (—z) ((1) (y? —x2)))4
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WL (J(6),6,7) ~ w! (J (6),6,7,Go (0, Z) + \\If|2)

Eim (26,00 {25} ,0,) + B (206 {25},
+Z(n—11)!<( ( 7&)2 ( #>)>
% (Z1n (Z0425),4:.0) ) (/ vt (09, 2;) w (69, 2;) dzj>n1

(a(z) — Frexp(—x)) (31,00 (Zia 95‘/”7 {Z;} #))
F2(vigstw :
e ) ( (z +exp (—2) ((1) — 2 + (32 — 22)))"*

Fexp (—x) y(ém (Zi79§f)>{zj}j¢i)>
z +exp (—z) (1) — o + (42 — 22)))"

—F? (Wig;'w) ((6( )(

WL (J(0),0,7) ~ w! <J (0).0,2,Go + |\If|2>

+wr (J(0),0, 2,60+ 19P) + w3 (1(0),6,2, 9)
The function wy ' is defined by:

Wi (7(6).0,2,G)) = Z(El’" (Zi’ggf)’{zj}jz?n*_ :1(;)( 2,0 123)1:)) 7o)

y (Hl ) (Z“{Z b6l ))) " (/ ot (9;.7‘)’20 v (eg.ﬂ’zj) dzj)"—l

Given (32) and (38):

o) n 8wt (7,09, Z;, )
_ i i f _ ) ) (2] i
Z1,n (sz{Z }]752301( 70( ) = /9'(1.) Zcfzfll 1—1 < _ > 2 da()
b ATl 5’@ (9“) —~ Zif',Z)
L 1 |w(0,2))
=G0(0,2)
o9 n-1 6wt (2,09, 2, W) 0
= (7 @D g0\ ~ [ -1 oo _ (1)
—hn (Z“{Z bigir 037565 ) - /om ZZC”% - )z ANPON v
e AT 5‘&1 (9“) - = ,Z)
L [w(0,2)2
=G0(0,2)

We can approximate:

= (z (Ziy .09 9”)

JFi e

0% ORI
by the constant — [ §, >3, C’L‘_ﬂ%dﬂ(l) and:

(Z1m (2060.425,0) + 2 (2600423 ,,41))
2
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Ein (Zi,Oif),{Zj }j;éi)

. . 8 W (g0, Z;, w2
by 5 . Using (32), we can compute the coefficient of w (% [vT*)

-1
\I,<9(,;)_7\Zi:2|72)

it

m=1

DEin (20 423)0.00.600) (/ vt (09, 2;) w (69, 2;) de>n_l (273)

- 21'Z =Lt (Z“{Z EURUDE (/w (95‘”’23’)‘1’(95”,23‘)652]‘)17

p()

210 (20425}, 00,61, 19 P)

(272). Tt is

2

given by:

1
21!

Thus, w;* (J(0),0,Z,Go (0, 7)) can be defined by its derivatives at Go (0, Z):

0"wi ' (J(0),0,2,Go) _ 8"w ' (J(0),0,7,G0) = @) )
= = Z;,{Z; ;.0 [¥ 274
6"Go (0, 2) §"Go (0, Z) 1( i {25}z, 0075 05 l) (274)
It defines a function similar to w™! (H(i), Z) wich satisfies:
72—z
“1 (9 - ‘Tll’zl) w (0, 2)

wit(J(0),6,2,G0) =G | J(0)+ % /T(Z, Z1) Go (0, Z;) dZ,

a2 \o(o- 22 7))

for some function G. The derivatives of G computed at .J 4+ Go (0, Z;) are such that (274) is satisfied. For
weak interactions 2 ,, (Zi7 {Z;} 6" ) ~ (, << 1, a solution of (274) is given by:

J#i T
G™ (J+Go (0, 2;)) (275)
 (w(0,2)5 (J,1z: - Z)) \"
- =T (Z,7%)

1 o 2
y (1_ (/F»w <M_|ZZ|,Z,> ’@(H_ZZLZ,)
N c c

(2 )

T(Z,2") dZ’) F'[J,w,0,Z, \11]>

where w (J, 0, Z) is the static solution and denotes the average over time and space of = (J,8,1;,|Z; — Z|). In
§"w 1 (J(0),0,2,G0)
57Go(0,2)

given (275), the successive products of G’ (J + Gy (0, Z;)) arising in (146) are negligible. On the contrary, the

that case, equation (147) computing the successive derivatives is no more valid. Actually,

successive derivatives of T (0,7, Z1,w, ¥) that were neglected in the derivation of (147), involve contributions
proportional to G(™) (J + Go (0, Zl)) that become dominant. The successive derivatives in this approximation
are:

FOk (e,Z, Z1w, \\If|2)
3Go (0, 2)

(5T (2,20))" F® [J,0,0,7, 0P|

w?(J,0,7) + <f1’f,w (J,H— @7[) ‘\II(Q_LCZ/"Z/)

1

2
T(Z,2") de) F [J,w, 0,7, |\If|2]
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and:

6Ty (0, Z, Zyw, W)
6ng0 (O? Z)

1

w(J,G,Z)1<f]@w

(3T (2,2))" G [J,0,0,2, 9]
and (274) becomes:

(ho- 1220 77)

w(o- 12221 7)

8" 'wit (J(0),0,2,Go)
6ng0 (07 Z)

(1=1) _ ()
/%MZ?_IIZZI

c 721>
w(J,0,2)

2
T(Z,2") de) G [J,w,@, 7, |\IJ|2}

(%T (2, Zl))"é’(”) [J,o,),@, Z, ‘\If|2]
(012220 7)

12

v (9 —1Z=21 Z/) 12, 21 dZ’) G {J,wﬁ,Z, I\I’ﬂ
(£7(2,21))" G {J,w,H,Z, I\PIQ}
1= (f o (20 - 1252, 2)

w (01222 7))

As a consequence, using (275) and (146):

2
T(Z,2") de) el {J,w, 0.7, |\If|2]
§"wit (J(0),0,7,Go)

~ = (7 |7 — na ) ) ()
6"90 (0’ Z) — (w (Ja07Z) —1 (J7|Zz Z|)) —1,n (Zla{Zj}j?ﬁivez )
§"w(J(0),6,2,G0) ~ (i)
- "Go (0,2) —hn (Z {Zidiz0:0: )
as needed.
The term w, ' (J (0),6, Z, ¥) is defined by:

—1
Wa

(J 0),6,7, \xp|2)

_ 2 (\I/Tgo’l\p) ((a (x) — Frexp (—x)) (Elm (21.791(,}’)7 {Zj}j;éz')>

(o exp () (1) — @ + (57— a2)" )
—F? (wig; W) ((6 (@) = Fexp (-o))y (B2 (2000, (23},

(o-+ exp (<2) (1) ~ 2+ (° — 22))" )

—F2 (WU (X0) 60 (0, Z) — Vow ™ (J (8) .0, Z,Go + Xo) \1/3)\1/0)
>< (

(a(x) — Frexp(—zx)) (ELOO (Zi,GZ(»,i), {Z7}J7éz)) —(B(x) — Fexp(—z))y (3172 (Zi,el(.,i), {Zj}j;éi)>
(

1

(z + exp (—2) (1) =2 + (2 — 22)))" )
~F2 (\/XoU" (Xo) 6% (0, 2) — Vw1 (J (0),8, Z,Go + Xo) XO)
y ((a () — Frexp (—zx)) (ELOO (

Zi,00 A2} 0) ) — (B (@) = Fexp (=) y (S0 (200,425}, )
(@ +exp (=) (1) — 2 + (4% —22)))*
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Appendix 6. Dynamic equations for connectivity functions

We adapt the description of ([47]) to our context. The transfer function 7' from ¢ to j satisfies the following
equation:

Voo (T (2669 (n2) i (n0)) , (23,609 (n) 5 (ny)) ) (276)
= 1 (209 () i (00) (23,09 (1) 05 (n)))
+A (T ((Z 0D (n;) ,wi (ni)> : (zj, 09) (n;),w; (nj)))) 5 (9@ (n3) — 09) () — M)

c

where 7' measures the variation of 7' due to the signals send from j to ¢ and the signals emitted by 4. It
satisfies the following equation:

Voo (T ((Zi, 0" (ni) , wi (m)) ; (Zj, 09 (n),w; (W))) (277)

, 7. _ 7.
= p5<6(2)(”i)—9“ ny) - J|)

i) (n;) —
o { (n(2,22) =T (2069 () w1 (), (23,09 () .05 (n)) ) ) € (69 (0 = 1)) hes (s ()
-D (9“) (n— 1)) T ((Zz 0 (ni) ,w; (m)) ; (Zj, 6 (n)),w (nj))) hp (w; (”J‘))}

where he and hp are increasing functions. We depart slightly from ([47]) by the introduction of the function
h(Z,Zy) (they chose h(Z,Z1) = 1), to implement some loss due to the distance. We may chose for example:

Zi— 7
h(Z,7Z,) = exp (—7|)
ve

where v is a parameter. Equation (277) involves two dynamic factors C (H(i) (n— 1)) and D (0; (n —1)). The

factor C' (H(i) (n— 1)) describes the accumulation of input spikes. It is solution of the differential equation:

C (9“) (n— 1))

TC

1 Zi — Zj|
C
(278)

Vo (n_1)C (9@) (n— 1)) = - +ac (1 —C (9“) (n— 1))) w; (Zj, 0D (n— 1) —

In the continuous approximation, the solution of (278) is:

_ o) (n—1)— 104 0 (n—1) L,
0(9“) (n-1)) = /exp (— <( >+ac/v w; (Zj,a'—M> do’
TC i) C

Xw; <Zj,0(i)’ _ |ZFCZJ|> 4o’

If a static equilibrium wq (Z;) exists, expanding around this equilibrium leads to approximate the integral:

9.
K Zi—
/ w; <Zj,9' - |J|> e’
o’ ¢

wo (2;) (0 (n—1) = 6)

by the quantity:

so that:

o (9(“ n— 1)) _ /exp <_ (Tlc + acw (Zj)) (g(i) (n—1)— 6(2’)')) (Co + wj (Zjae(i)’ _ Zl;ZJ|>> o,
(279)
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The term D (f; (n — 1)) is proportional to the accumulation of output spikes and is solution of:

) (y —
Voo nD (07 (n=1)) = p(e-) +ap (1-D (09 (n-1))wi(2) (280)

TD

In the continuous approximation, the solution of (280) is

(090 ) = fon (- (2 +r120) (49011 9)) (90 (7o) o

As a consequence, the dynamics for transfer functions is a set of two equations:

Voo T (209 () wi (), (2,09 () w; (ny)) ) (282)
= 1 (209 () i (1) (23,09 (1) 05 ()
A (T (200 00 ) (269 (1505 1)) ) 6 (60 ) = 69 ()~ 251

c

Vot noT ((Zi, 00 (n) i (n1)) (25,69 (n) 0 (ny)) ) (283)
= 0 (09 () - 09 () - ED)
<{(n(z.2) T((z 09 (n;) ,w; (nl)),(zj,e(j) (n5) w5 (1)) € (09 (n = 1)) b (i (n:)
=D (69 (n = 1)) T (2,09 () s ()}, (23,09 ()05 (1)) ) P (05 (my)) }
with C (9“) (n—1) ) and D ( (n—1 ) given by (279) and (281).

The field translation of (282) and (283) is obtained by including the following potential terms in the
action for the field:

/(V@T((Z79,w)7(Z1,91,UJ1)) NEA(CILL) ’T<Z1’91’°"1)) (284)
—A( (2,0,w), (Zl,al,wl))) 5 (a — 0, — Z‘g“))
X | W (0, Z,w)|* |¥ (01, Zy,w1)]?

corresponding to (282) and:

[ (o (200, @000 - 3 (09 ) = 60 () - E2 2 (255)

< { (1(2,20) = T(2,0,w) ,(21,01,01))) C (6,2, Z1) he () = D (0, 2) T ((2,60,w) , (Z1,01,01)) hp (1) })
X W (0, Z,w)[* [T (61, Z1,w1)|?

for (283), with C (0, Z, Z1) and D (0, Z) are defined as:

C(0,2,7)) = /0 exp (— (Tlc + acwp (Zl)) (0— 9’)) <Co +w (Zl,a’ — |Z_CZ1|>) a0’

D(9,2) - /6 exp <_ (TID T apwo (z>> (0 9’)) (Do +w (2,0)) o’
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For

1

Tc(Zl) = ;+Oécwo(zl)<1
1

p(Z) = ;+aDwO(Z)<1

and if the transfer function adapts slowly with respect to w(Z,60), we can simplify the expressions for
C(0,Z,7y) and D (0, 7):

C0,2,2)) ~ C(Zl):w
D(0,2) ~ D(Z)DOTZ“;;)(Z)

After projection on the dependent frequency states the transfer functions become functions 7' ((Z, 0) , (21, 01))
and T'((Z,0),(Z1,01)) respectively. Moreover, we can simplify the action by finding the configurations for
T((Z,0),(Z1,61)) and T ((Z,0),(Z1,61)) that minimize the potential terms (284), (285). It corresponds to
set:

VT ((Z,0,w), (Z1,91,w1))+T ((Z,0,w) ,T(Zlv 01,w1)) Y (T ((Z,0,w), (21, 91,w1))> 5 (0 -0, — ‘Z;CZ” 0
(286)

and:

0 = (VT (200 (Zrbr00) 8 (00 () =09 () - EZ2) o87)

< { (0(2,20) = T (2,0,0), (Z1,01,01))) € (0,2, Za) he () = D (6, 2) T ((2,0,w) , (21, 61,01)) b (1) |
We look for solutions of the form:

T (2,9,21,9 - |Z_CZ1|) = T(Z,0,%))

C

~ 7 — 7 ~
T(Z,&,Zl,a— |1|) = T(2,0,7,)

so that T'(Z,0, Z,) and T (Z,0, Z,) satisfy:
T (Z7 07 Zl)

T

VoT (2,0, 7)) + ( —\T'(Z,6, Z1)> =0 (288)

|Z — 7]
C
(289)

Vol (2.0, 2,) = p ((h(z, 2) ~1(2.0.2)) O (Z) he (w(2.0)) ~ T (2.0.2:) D (2) hpy (w (zl,e -

Using (288), we replace T'(Z, 6, Z;) in (289):

V@T(Z,Q,Zl) T(Z79721)
+
A AT

T(2,0,2) =
and we arrive to the differential equation satisfied by T'(Z, 0, Z1):

VaT (Z,0,7,)

D2 UL @) VT (2,6, 20) + Us () T (2,6, %) = pC (Z) h (2, Z) he (0 (Z,6)) (290)
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where:

(C’(Zl)hc (w(Z,0))+D(Z)hp (w <Zl,0 - Z_Zl|>)>)

c

Up(w) = (/\lT—f—

>

AT c

If we consider that the transfer function varies slowly compared to the oscillations of the thread, we can
approximate (290) by a quite static equation:

Uz (w)T'(Z,0,21) = pC(Z1) h(Z, Z1) he (w (Z,0))

whose solution is:

T(2.0,2) = MC(Z1)h(Z,Z1) he (w(Z,0)) (291)

C(Z1)he (w(Z,0)) +D(Z)hp (w (Zl,g _ @))
Nh (2, 70)

hp (w(7:,0- 12220
L+ & a f(Lclwz,e)) )

1R

Thus T (Z,0,Z;) is a decreasing function of w (Zl, g 1Z2=2%l

hypothesized in the text. The fully static solution associated to (291) is:

ATh(Z,Z1)

D(Z) }LD(WO(Zl))
C(Z1) he(wo(Z))

We conclude this section by giving the linearized version of (290) around the static solution (wo (Z) , Ty (Z, Z1)).
It is:

) and an increasing function of w(Z,0), as

To(Z,21) =

ng (Z797 Zl)

0 = ————+Ui(w0) Vol (2,0,21) + Us (wo) T (2,0, Z1) (292)
90 (2) (1 - Tf“) bl (0 (2))0(2,6)
+7pTO &ZT’ Z) (D (Z) h'p (wo (Z1)) Q <Zl,9 _z=2] _CZ1|>>
where:
Ui(wo) = 3=+ 2 (C(Z) he (w0 (2)) + D (Z) ho (w0 ()
Uz (wo) = 1= (C(Z1)he (wo(2))+D(2) hp (w0 (£1))
ATh (2, Z
Ty (Z2,721) = Tt D(Z)( hD(wlg)(Zl))
C(Z1) hc(wo(Z))
TO (Za Zl) = I}EJ((ZZ”ZZ;))
T(Z,a,Zl) _ T(ZaaafE)ZZT()) (Z7Z1)
0(2,0) = w(Z,0)—w(2)
for wq (Z) = wy, this reduces to:
VITL020) 1y ) Vo (2,0, 22) + Vs ()T (2.6.2) (293)
T (Z,2,) D (Z) Wy, (wo) Q (21,0 — 1222411 R
_ B D @ (AT]) ( ) +0C (1) <1 _Dh&a) (f;zl)> e (w0) (2,0)
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where:

1
U1 (w) = ;4‘ g(ChC’ (w0)+DhD (wo))
Us(w) = +=(Che (wo) + Dhp (wo)
ATh (Z, Z
15 (Z,7,) = I D(hD(ng))
+ € hc(wo)
C = Co + wg
TC
D - Dgy + wo
TD

which can also be written, up to the second order in derivatives:

VET (Z,Q,Zl)
A

= <PC(Zl) he (wo) —

+ Uy (wo) VT (2,0, Z1) + Uy (w) T (2,0, Z1) (294)

pTy (Z,21) (D (Z) kil (wo) + C (Z1) hip (wo))
AT

0(Z,0)

pTo (2, 21) D (Z) Wy (wo) (L5219092 (2,0) - E550°V30.(2,0) - 220 V50(2,0))

2c2
+ AT
Then, to separate the dependences in time and position, we define:
720 = [nem22E0
$(3) e
- 1
cz) = h(Z,2,) C(Z1)
(%) +
_ 1 ~
Co(2) = — [nzzyc@ iz )
() a0
~ 1 ~
Ty(2) = [zt z.2)

1 2

0|y

and T (Z,0) satisfies:

W + Uy (wo) VoT' (Z,0) + Us (W) T (Z,0)
] p (D (2) T (2) iy (w0) + Co (Z) hiz (w0))
= [ 0C(2) 1y (wo) - = Q(Z,6)

+pD (Z) Wy (wo) (T1VeR(Z,0) — (T1V32(Z,0) + 2T2V50Q(Z,0)))
AT
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